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FOLIATIONS AND WEBS INDUCING GALOIS 
COVERINGS 

A. BELTRAN, M. FALLA LUZA, D. MARIN AND M. NICOLAU 


Abstract. We introduce the notion of Galois holomorphic foliation on 
the complex projective space as that of foliations whose Gauss map is a 
Galois covering when restricted to an appropriate Zariski open subset. 
First, we establish general criteria assuring that a rational map between 
projective manifolds of the same dimension defines a Galois covering. 
Then, these criteria are used to give a geometric characterization of 
Galois foliations in terms of their inflection divisor and their singulari¬ 
ties. We also characterize Galois foliations on P 2 admitting continuous 
symmetries, obtaining a complete classification of Galois homogeneous 
foliations. 


1. Introduction 

In this article we introduce the notion of Galois holomorphic foliation on 
the complex projective space. Our main objective is to establish general 
criteria characterizing those foliations that are Galois. 

Let 7 be a holomorphic foliation in the complex projective plane P 2 . 
The degree degJ 7 of the foliation is the number of tangencies of T with 
a generic line of P 2 and the Gauss map Qy : P 2 —P 2 of the foliation, 
sending i£P 2 into the tangent line of T at x, is a well defined rational map 
whose indeterminacy points are just the singularities of the foliation. If the 
foliation is non degenerated then the restriction of Qy to a suitable Zariski 
open subset W of P 2 is a covering map of order deg T > 0. 

The determination of finite subgroups of the Cremona group Bir(P 2 ) of 
birational transformations of P 2 is a classical topic, nevertheless it continues 
to be an active field of current research (cf. [lj [lOj). In |7], Cerveau and 
Deserti addressed the problem of finding non-trivial birational deck trans¬ 
formations of the covering associated to a foliation J 7 , that is, birational 
maps r : P 2 > P 2 fulfilling Qy o r = Qy. Their aim was to construct 
periodic elements of Bir(P 2 ) in an effective way. In particular they associ¬ 
ated a birational involution to each quadratic foliation and trivolutions to 
certain classes of cubic foliations. In all these cases the restriction of Qy 
to the Zariski open set W is necessarily a Galois covering. It is therefore 
a natural question to determine the Galois foliations of P 2 , that is those 
foliations in P 2 whose Gauss map defines a Galois covering. And this is the 
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original purpose of this article. We will see that for every Galois foliation 
the deck transformations of its Gauss map are birational. This fact provides 
non-trivial explicit realizations of the symmetry groups of regular polyhedra 
into the Cremona group (cf. Example 17.221) . 

We are specially concerned with the problem of characterizing Galois 
foliations on P 2 in terms of its geometric elements. In this direction, our main 
results are Theorems na and [E] and Corollary [F] stated below. In order to 
prove them, we first consider the more general setting of arbitrary dominant 
rational maps /: X > Y between complex connected projective manifolds 
of the same dimension. 

Such a rational map is called Galois if the held extension f* : C(Y) 
C(X) is Galois or equivalently if the group Deck(/) := {f € Bir(A) \ f of> = 
/} acts transitively on the fibers of /. It is also equivalent to say that / 
induces a topological Galois covering by restriction to suitable Zariski open 
subsets. On the other hand such a rational map /: X —*■ Y admits a 
canonical birational model p : N -A Y, which is a finite branched covering, 
obtained by applying Stein factorization to a desingularization of /. Thus, 
/ is Galois if and only if p is a Galois branched covering and in this case the 
deck transformation group of p, which is birationally conjugated to Deck(/), 
consists in automorphisms of N. 

There is a natural notion of branched covering of regular type by asking 
that the ramification indices are constant along the fibers. This notion, 
which translates naturally to rational maps, is of semi-local nature and it 
is implied by the global property of being Galois. One of our main results 
states that these two notions are equivalent when the source is the projective 
space. 

Theorem A. A dominant rational map f : P n —-> Y is Galois if and only 
if it is of regular type. 

The proof of this theorem is based ou the dimensional reduction provided 
by Theorem 14.101 which implies that the character Galois can be tested by 
restriction to appropriated hyperplane curves. 

We address the natural question of describing the space of Galois maps 
in a given family of dominant rational maps. In this direction we have the 
following result that is a particular case of Theorem 15.61 

Theorem B. Consider a family f : X xT ---> P n xT of dominant rational 
maps of constant topological degree parametrized by T. Then 

Gal(T) := {t eT\f t is Galois} 

is a Zariski closed subset of T and the Galois group is constant along each 
connected component o/Gal(T). 

We introduce two new combinatorial invariants of such dominant rational 
maps: the weighted branching type ('Definitions 14.II and 14.91) and the genus 
(Definition 14.161) . In Proposition 15.41 and Theorem 15.61 it is shown that they 
are generically constant along the irreducible components of Gal(T). These 
invariants and the corresponding Galois groups are used to distinguish the 
different components of Gal(T). 
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In Section [6] we turn back to our original motivation of studying the 
Gauss map Qjr : P n —■» P n of a foliation T on P n . We say that T is Galois 
if its Gauss map Qj is a Galois rational map. By duality, a foliation T on 
P n induces a d-web Leg T (called Legendre transform of J 7 ) on P n where 
d = deg Qjr. This web can be thought as the direct image of the foliation 
T by its Gauss map. This motivates to consider the direct image of a 
foliation J 7 by a rational map f: X --■> Y which is a well defined web f*T 
on Y whenever T is in general position with respect to /, see Definition 16.31 
and Proposition 16.51 It turns out that the monodromy of the web /*T is 
naturally identified to the monodromy of the map /. This allows us to 
formulate the following characterization of Galois rational maps in terms of 
decomposability of webs. 

Theorem C. Let f : X > Y be a dominant rational map between complex 
projective manifolds of the same dimension and let T be a foliation on X in 
general position with respect to f. Then f is Galois if and only if the web 
f*f*F is totally decomposable. 

In the case of a foliation T on P n this result states that T is Galois 
if and only if the web Q^ Leg J 7 is totally decomposable. By means of this 
criterion and a dimensional reduction we are able to decide if certain families 
of foliations are Galois or not. In particular, we exhibit Galois foliations in 
every dimension and with degree arbitrarily large (cf. Corollary 16.201) . 

In section [7] we focus on the study of Galois foliations in P 2 . One of our 
main goals is to give a characterization of Galois foliations T in terms of 
geometric elements, more concretely in terms of the inflection divisor Tj 
(whose definition is recalled in subsection 17.31) and the singular locus Sjr. 
We decompose Tj = Z™ v + Z-£, where IfX is given by the invariant lines of 
J 7 , and we set 

# = £(<>- 
e> i 

where Zj- are reduced curves. We have that p € Zjf \ Yjr if and only if the 
tangency order at p between the leaf of T passing through p and its tangent 
line is g. It turns out that Qj has ramification index g along Zj- and this 
is a local property. We consider the set of singularities giving rise to 
ramification components of the exceptional divisor after desingularizing Qj 
and we denote by the subset of consisting in those singularities 
whose corresponding ramification divisors are all of order g. The sets 
and T,jr are characterized geometrically in Lemma 17.101 by means of local 
arithmetic invariants. With these notations and using Theorem [3 we can 
state the following semi-local characterization of Galois foliations: 

Theorem D. A degree d foliation T on P 2 is Galois if and only if, for each 
I £ P 2 such that the tangency locus Tang(J 7 , T) between T and l has less 
than d points, there is g\d, g > 1, such that Tang(Z", t) C (I-p \ Sj-) U 

Since being Galois is a global property, in general one can not expect to 
obtain a fully characterization of Galois foliations only in purely local terms. 
However, we are able to state two natural conditions, one sufficient and the 
other necessary, using only local data of J 7 : 
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Theorem E. Let T be a degree d foliation on P 2 and consider the following 
assertions: 

(1) X *=0 unless for g = d and E™ m = E^; 

(2) T is Galois; 

(3) 2|- = 0 unless for g\d and E™ m = |J E^. 

l <e\d 

Then the implications (1) => (2) =$■ (3) hold. 

Condition ( 1 ) characterizes foliations such that its Gauss map is extremal 
in the sense that all its ramification indices are maximal, i.e. equal to d. 
The above theorem has the following corollary which implies that the Galois 
character of a foliation of prime degree can be checked by means of purely 
local data. 

Corollary F. Let T be a foliation on P 2 of prime degree. Then Gy is Galois 
if and only if Gy is extremal. 

The set of degree d foliations on P 2 is a Zariski open subset of a projec¬ 
tive space and we can consider the family of their Gauss maps. By applying 
Theorem [B] we deduce that the space G^ of degree d Galois foliations is a 
quasi-projective variety. This raises the question of describing its irreducible 
components in geometric terms. This problem is of similar nature to the 
study of the irreducible components of the space of codimension one folia¬ 
tions on P” for n > 3 (cf. 0) and the study of the irreducible components 
of the space of flat webs (cf. [T9] ). 

For each degree d we present a continuous family of Galois foliations, 
that include all the examples considered in [7], and that we expect to be 
components of Gd- We also exhibit a degree 3 Galois foliation that does not 
belong to the previous family. Looking at its genus we show that G 3 has at 
least two irreducible components (cf. Proposition 17.51) . 

In subsection [73] we treat the case of homogeneous foliations in P 2 , i.e. in¬ 
variant by the flow associated to a radial vector field. Using Proposition ^. 19l 
we can perform a dimensional reduction Gy : P 1 — >• P 1 of Gy : P 2 ---> P 2 . 
Then we can use the Klein classification of the Galois ramified coverings of 
P 1 by itself (cf. Theorem Id.1811 in terms of their Galois groups. The left- 
right equivalence between rational functions on P 1 preserve Galois property 
and translates into a natural action of PSL 2 (C) x PSL 2 (C) on the space of 
homogeneous foliations. We obtain the following result. 

Theorem G. The homogeneous Galois foliations of degree d consists of the 
orbits by the left-right action o/PSL 2 (C) x PSL 2 (C) of the following ones: 

(1) x d d x + y d d y for every d, 

(2) ( x n + y n ) 2 d x + ( x n — y n ) 2 d y if d = 2n is even, 

(3) ( x 4 + 2i\J!fx 2 y 2 + y 4 ) 3 d x + (x 4 — 2iy/3x 2 y 2 + y 4 ) 3 d y if d = 12, 

(4) (x 8 + 14 x 4 y 4 + y 8 ) 3 d x + ( xy(x 4 - y 4 )) 4 d y if d = 24, 

(5) (x 20 -228x 15 y 5 +494:X 10 y 10 +22Sx 5 y 15 +y 20 ) 3 d x +(xy{x 10 +llx 5 y !i -y 10 )) !i dy if d = 60. 

As a consequence of this classification and Theorem [Bl we deduce that G^ 
has at least 2 irreducible components if d is even and it has at least 3 
irreducible components for d = 12, 24, 60, as they are distinguished by their 
Galois groups: cyclic, dihedral, tetrahedral, octahedral and icosahedral. 
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We finish the article by considering foliations admitting other continuous 
groups of symmetries. We show that in all cases there is a dimensional 
reduction, analogous to the homogeneous one, which gives a characterization 
of Galois foliations in this setting (cf. Proposition 17.251) . 

Acknowledgements. The authors wish to thank J.V. Pereira and T. Fas- 
sarella for fruitful conversations. The first and second authors thank the 
Departament de Matematiques de la Universitat Autonoma de Barcelona 
for their hospitality and support. 

2. Branched coverings 

Along this article we will deal with morphisms between projective mani¬ 
folds of the same dimension. Such maps turn out to be a branched coverings 
when restricted to appropriate Zariski open subsets. In this section we col¬ 
lect the results about branched coverings that will be used in the article. 
We begin by recalling some well-known facts about unbranched topological 
coverings. 

2.1. Topological coverings. Let w : E -A B be a d-sheeted covering over 
a connected and locally path connected topological space B. Fix a base 
point po £ B and its fibre F = zu~ 1 (po) = {pi,... ,Pd}- We consider the 
deck transformation group of the covering 

D = Deck(tAj) = {t : E —> E \ vo o r = vo} 

acting on F, on the left, by restriction. In fact, the restriction map is a 
monomorphism D ^A 6 (F), where 6 (F) is the permutation group of F. 
We also consider the monodromy anti-representation ji : tti(B,pq) -A 6 (F) 
of vo defined by /2(py ]){p) = 7 p(l) for each p € F, where 7 p (t) is a path in 
E starting at 7 P ( 0 ) = p and projecting onto 7 = vo( 7 P ). The anti-morphism 
p defines a right action of the fundamental group of B on F. We define 
the monodromy representation p : -k\(B,pq) -A 6 (F) as the morphism 
7 i-a p(pf) = p( 7 -1 ). Its image subgroup, denoted by M = Mon (to), is called 
the monodromy group of w. It is clear that if E is connected, then the action 
of D is free and the action of M is transitive. Consequently, if E is connected 
then \D\ < d and \M\ > d. Identifying F ~ {1, ... , d} we can consider both 
D and M as subgroups of the symmetric group &<i — &{F). The image 
of D inside 6(F) can be characterized as the group of permutations of F 
commuting with all the elements of the monodromy group (cf. [9] or ecu), 
that is 

(1) D = Z(M) in 6 (F). 

Remark 2.1. In general, there is no inclusion between the subgroups D and 
M. In fact, it follows from ([T]) that their intersection DnM = Z(M)C\M = 
C(M) is the centre of M. Thus, M C D if and only if M is abelian. In 
addition, if the covering w is finite and E is connected then M is abelian if 
and only if M = D because \D\ < deg vo < \M\. 

Given a connected and locally path connected space B' and a continuous 
map / : B' -a B, the pull-back covering of w : E -a B by the map / is 
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defined as w' : E' = F Xg B 1 -A B 1 , where 

Ex b B' = {(p, b') G F x B' | *7(p) = /(ft')}, 

and ■cu 7 is the restriction of the natural projection F x B' -A B'. Notice 
that F is also the fibre of F 7 and that E' in not necessarily connected. We 
shall denote by E x B E -A F the pull-back covering obtained from w when 
f = w. 

Definition 2.2. A connected covering w : F -A B with fibre F, deck trans¬ 
formation group D and monodromy group M is said to be Galois if one of 
the following equivalent conditions hold: 

(1) D acts transitively on F, 

(2) M acts freely on F, 

(3) the covering E x B E -A F is trivial. 

In that case M ~ D and E/D ~ B. 

From Bemark l2.1l we get the following: 

Remark 2.3. If w : E -A B is a connected d-sheeted covering with abelian 
monodromy group M C &d, then w is Galois. In particular, if M is cyclic 
then M ~ Z^. Moreover, when degw is prime, w is Galois if and only if M 
is cyclic. 

The following statement describes the relation between the monodromy 
groups M and M', as well as the deck transformation groups D and D', of 
a given covering F — > B and of its pull-back E' -A B' by a continuous map. 

Proposition 2.4. Let vo : F —>• B be a covering with E connected and let 
w' \ E' = F x B B' —^ B' be the pull-back covering of w by a continuous map 
f: B' —» B. Let M, M' and D, D' denote the monodromy groups and the 
deck transformation groups of vj and w' respectively. Then we have 

(a) There are natural inclusions M' A M and D D'. 

(b) Ifw is Galois and E' 0 is a connected component of E', then the restricted 
covering w' 0 : E' 0 -a B' is also Galois. Moreover, the deck transforma¬ 
tion group D' 0 of w' 0 is naturally included in D. 

(c) Assume that /*: iri(B') -A tt\{B) is surjective. Then E' is connected, 
M ~ M', D ~ D' and, consequently, w is Galois if and only if w' is 
Galois. 

Proof. The map E' = F x B B' -a F induced by the natural projection 
F x B' -a F identifies the fibre w'~ l {p' 0 ) with tr7 _1 (po) = F. Then the 
monodromy representation of w' : E' -A B' is the composition 

M ° /* : ^(B',p' Q ) 7Ti(F,p 0 ) ->• 6(F). 

This implies assertions (a) and (c) using the characterization of D given by 
identity flU). 

Let Fg be a connected component of E' and denote by Fq the intersection 
of Fg with the fibre F = ro /_1 (p' 0 ) = ro _1 (po); that is, Fq is the fibre of zu' 0 . 
We notice that the components of E' induce a partition of the fibre F and 
Fo is one of these components. Because of the inclusion D A D' , the action 
of D on the fibre F preserves that partition. In particular, for a given r € D 
one has t(Fq) = Fq or t(Fq) H Fq = 0. Assume now that w is Galois and 
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therefore that D acts transitively on Fq. Given two points Pi,Pj € Fq there 
is a unique r € D such that r(pi) = pj. It follows that t(Fq) = Fq, and 
therefore that r is an element of Do. We deduce that D' 0 acts transitively 
on Fq and that D' 0 is naturally identified to -Do C D, ending the proof. □ 

2.2. Analytic branched coverings. We consider now surjective morphisms 
/: X —>• Y between complex analytic spaces of the same dimension. Under 
some conditions, the restriction of such a map / to appropriate dense open 
subsets of X and Y is a topological covering. 

Definition 2.5. Let f: X -A Y be a morphism between complex analytic 
spaces of the same dimension. Then V f will stand for the analytic subset of 
X defined by 

V f := {x 6 X | / is not a local biholomorphism at x}. 

Along the article we make use of the following conventions. If / : X —> Y 
is a morphism between complex analytic spaces and K is an arbitrary subset 
of Y, then we denote 

• Xk '■= /” 1 (A) and fx the restriction of / to Xx] in the case K = {p} 
then we will denote X{ p j and /{ p } simply by X p and f p \ 

• f u : X u -A Y the composition of the normalization X v -A X of X and /. 
We recall the following definition. 

Definition 2.6. A finite branched covering / : X -A Y is a proper finite 
holomorphic map from a complex normal space X onto a connected complex 
manifold Y whose restriction to each connected component of X is surjective. 

Remark 2.7. (a) Since the analytic space X in the above definition is 
assumed to be normal, its connected components are irreducible. 

(b) A more general definition of branched covering, not requiring the 
map / to be finite, can also be considered (cf. [20]). Nevertheless, in this 
article we will only deal with branched coverings whose fibres are finite, even 
without mention. 

The ramification locus of a finite branched covering / : X -A Y is the 
analytic subset V f of A and the branching locus (also called discriminant) 
of / is the analytic subset of Y given by 

A/ := /(V/). 

Notice that Vy contains Sing(X) because Y is smooth. The ramification 
and branching loci V f and A j are hypersurfaces of X and Y respectively. 
This follows from the purity of branch theorem (cf. [13] ) and the finiteness 
of the map /. 

Given a non-singular point q of Af, each p G f~ l (q) is a non-singular point 
of X (cf. [20), Corollary 1.1.10]) and there are local coordinates (aq,... ,x n ) 
in a neighborhood V of p and (yi,..., y n ) in a neighborhood W of q fulfilling 
W n Af = {y n = 0} and f(V) C W, and such that in these coordinates 

(2) f (aq,..., Xn) (x~l, ..., x n —\, Xyf), 

for some positive integer g = qe> > 1 which is constant along the irreducible 
component D of /^ 1 (Aj) containing p and which is called the ramification 
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index of / along D C / X (A t), cf. [20], Theorem 1.1.8]. Notice that qd = 1 
if and only if p € / _1 (A^) \ V/. 

The set 17 := Y \ Aj is the maximal open subset of Y such that the 
restriction 

(3) fu- X u = X\r 1 (A f ) ~^U = Y\A f 

is an unbranched covering. The monodromy of that covering will be denoted 
by 

H f : 7Ti (Y\ A f ) —> 6 d , 

where d = deg fu- We say that d is the degree of the branched covering /. 

Two finite branched coverings / : X —» Y and f'.X'—^Y are said to be 
isomorphic if there is a biholomorphism </> : X — > X' such that f'ofi = f. 
The group Deck(/) = {</> € Aut(X) | / o cj) = /} of all automorphisms of the 
branched covering / : X -A Y is called the deck transformation group of /. 
The restrictions to Xu of the elements of Deck(/) are deck transformations 
of the topological covering fu defined in Q. 

Definition 2.8. A finite branched covering f : X -A Y is said to be Galois 
if Deck(/) acts transitively on each fiber of f. In that case, the quotient 
complex space X/Deck(/) is biholomorphic to Y. 

The following result states that Deck(/) and Deck(/j/) are naturally iso¬ 
morphic. Its proof, which is based on Riemann’s extension theorem, can be 
found in m Theorem 1.1.7]. 

Theorem 2.9. Let f : X —>• Y be a finite branched covering. The restriction 
map Deck (/) —» Deck (fu) is an isomorphism. In particular, f is Galois if 
and only if fu is Galois. 

We also recall the following theorem due to Grauert and Remmert [T3] 
(cf. [22] Theorem 1]). 

Theorem 2.10. Let A be a hypersurface of a connected complex manifold 
Y and let f : X' —>• Y \ A be a finite unbranched covering. Then there are 
a unique (up to isomorphism) finite branched covering f : X —>• Y and an 
inclusion X' C X with the the property that f branches at most at A, i.e. 
A f d \ . and that f is an extension of f . 

Two finite branched coverings / : X —>• Y and f : X' — >• Y' of the same 
degree are said to be topologically (resp. analytically) equivalent if there 
are homeomorphisms (resp. biholomorphisms) : X — > X' and : Y -A Y' 
such that the following diagram is commutative 


X 


<t> 


X' 


/ ( 

Y 


tp 


r 


Y' 


From Theorem 12. 101 one deduces the following criterion for deciding when 
two finite branched coverings are equivalent in terms of the base spaces and 
the corresponding monodromies (cf. [221 Theorem 2]). 
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Theorem 2.11. Two finite branched coverings f : X -A Y and f : X' -A Y' 
of degree d are topologically (resp. analytically) equivalent if and only if there 
is a homeomorphism (resp. biholomorphism) if : (Y,Af) -A (Y',Afi) such 
that the representations pp, pp o ip* : tti(Y \ Af) -A &d are conjugated. 

It is worth to recall also the following two results of M. Namba, proved 
in [21]. 

Theorem 2.12. For every finite group G and every connected complex pro¬ 
jective manifold Y there exists a Galois branched covering p : X -A Y whose 
deck transformation group is isomorphic to G. 

Theorem 2.13. For every Galois branched covering f : X -A Y over a 
projective manifold Y there is an isomorphism Deck(/) -A G C Aut(P”) 
for some n £ N and a rational map g : Y P n /G such that f : X -A Y 

is birationally equivalent to the fibred product Yo P n -A Yq, where 

go : Yq —y P n /G is a resolution of the indeterminacy of g. 

This last theorem states that, in the setting of birational mappings that 
we will consider in Section 3, each Galois finite branched covering is the 
pull-back of a branched covering whose source space is a projective space. 
This motivates our interest in characterizing Galois branched coverings of 
the type P n -A Y. In this direction our main result is Theorem 14.121 

3. Dominant rational maps 

In this section we describe some properties of dominant rational maps 
/ : X —+ Y between projective or quasi-projective manifolds. We see that 
in the case that X and Y have the same dimension there is a finite branched 
covering p: N Ah, naturally associated to /, which is unique up to isomor¬ 
phism and birationally equivalent to /. We define Galois rational maps as 
those whose associated branched covering p is Galois. This definition coin¬ 
cides with the classical one that requires the field extension C(Y) C(X) 
induced by / to be Galois. 

All the analytic or algebraic objects considered in this section and all 
along the article are defined over the field C of the complex numbers. 

3.1. Equisingularity theorem. We begin by recalling a general and pow¬ 
erful theorem due to A.N. Varcenko, which implies the topological local 
triviality of rational maps on appropriate Zariski open subsets. It plays 
a key role in the article. To state it properly we give first the following 
definition: 

Definition 3.1. Let f : E -A B be a continuous map and let E 1 ,...,E q 
be subsets of the topological space E. The family (/, E, E 1 ,..., E q ) is called 
equisingular over V C B if for every p G V there is a neighborhood W of p 
in V and a homeomorphism h : E\y -A E p xW such that h(E(y) = EpX W, 
where E l w = % n E l and Ef = E p n E l . 

With this notation we can state Varcenko’s theorem as follows, cf. m 
Theorems 5.2 and 5.3]. 
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Theorem 3.2. Let f : E -A B be a morphism from a constructible set E 
onto an irreducible constructible set B, and let E 1 ,... ,E q be constructible 
subsets of E. Then there is a non empty Zariski open subset V of B such 
that the family (/, E, E 1 ,..., E q ) is equisingular over V. 

We recall that a constructible set is a finite union of quasi-projective 
varieties. Over the complex numbers, a constructible set is just a semi- 
algebraic set; that is, a set given locally by a finite number of algebraic 
equations fi = 0 and a finite number of algebraic inequalities g* ^ 0. In 
particular, an irreducible constructible set is a quasi-projective variety. 

Using Theorem 13.21 we prove the following proposition that describes the 
properties of the composition of dominant morphisms. It will be used all 
along the article. 

Proposition 3.3. Let f : X -4 Y and g:Y -4 Z be dominant morphisms 
between quasi-projective varieties. Assume that Y and Z are irreducible. 
Then there exist Zariski open subsets X' C X, Y' C Y and Z' C Z fulfilling 
the following properties: 

(a) The restrictions f'\X'^Y',g'-.Y'^ Z' and g' o f : X' —> Z' are 
topological (locally trivial) fibre bundles. 

(b) If dim X = dim Y then f and f' z : X' z —> Y' z are finite coverings of 
the same topological degree as f, for all z € Z'. In addition, if the 
generic fibre of g is irreducible then f' z and f' z , are topologically equivalent 
coverings for all z, z' € Z' by homeomorphisms Y' z -4 Yf that extend to 
Y Z ^Y Z ,. 

Proof, (a) By applying Theorem 13. 2 1 to /, we see that there is a Zariski open 
subset U of Y contained in f(X) such that fu : Xjj U is a topological 
fiber bundle. By applying again Theorem 13.21 to g : U -4 g(U), it follows 
that there is a Zariski open subset V of Z contained in g(U) such that 
gv ■ Uy —» V and fu v - f~ 1 {Uy) —> Uy are also topological fiber bundles. 
Applying one more time Theorem 13.21 to the composition gy o fjj v we obtain 
an open Zariski subset Z' of Z contained in V such that the restrictions of 
g to Y' := g~ l {Z') and of / to X' := f~ 1 (Y') satisfy the desired properties, 
(b) That the map f is a finite covering follows from (a) because the generic 
fibre of / has dimension dim A — dimT = 0. Moreover, the restriction f' z is 
a pull-back of the covering f by the inclusion Y' z 4 7'. It remains to prove 
that the coverings f z and /', are topologically equivalent for every z, z' € Z' 
by homeomorphisms extending to Y z —>• Y z t. By Theorem l3.2l we can assume 
that the family (Y, Y') —>• Z is equisingular over V. Each point 2 € Z' has a 
contractible neighborhood W C Z' such that ( Y\y , Y( v ) ~ (Y z x W. Y) x W). 
Then the monodromy representations gw ■ 7Ti (Y{ v ) — Ti\ (Yf) ^4 &d of the 
restricted coverings f ' w : X' w —>• Y( v and ft: X' z —>• Y' z can be canonically 
identified. Consequently, f ' w : X' w —» Y(y is topologically equivalent to f' z x 
idw : X' z x W —>• Y' z x W. This implies that f z and f' z , are topologically 
equivalent by homeomorphisms that extend to Y z —> Y z > if z! € W. If z’ € Z' 
is arbitrary then we can join it with z by a path 7 in Z' and choose a finite 
set of open sets W covering 7 in order to conclude. □ 
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3.2. Galois rational maps. Let X, Y be connected complex projective 
manifolds of the same dimension and let / : X ---> Y be a dominant ra¬ 
tional map, i.e. a rational map with dense image. Let Sj C I be the 
indeterminacy locus of /. We consider the closed graph of / 

T f :={(xJ(x))\x£X\Y f }cXxY 

and we denote by px and py the restrictions to Tf of the natural projections 
from X x Y onto X and Y respectively. 

Let 5 : X —» Tf be a desingularization of Tf, i.e a proper surjective 
birational morphism from a smooth projective manifold X. Without loss of 
generality we can assume that the exceptional divisor X p of the birational 
map /3 := py o 5 : X —>• X satisfies 

( 4 ) vp = r 1 p f ). 

The map / := py o 5 : X —>• Y is a proper surjective morphism because / 
is dominant and X is projective. We will say that / is a desingularization of 
the rational map /. Thus we can apply the Stein factorization theorem to / 
in order to write it as the composition X —>• N —>■ Y with 7 having connected 
fibres and p being finite. In fact, 7 is birational because dim X = dim Y, N 
is normal because X is smooth (cf. [15[ p. 213]) and p : N —> Y is a finite 
branched covering. Then the following diagram is commutative: 



The following proposition follows from Theorem 12.101 It states that the 
finite branched covering p: N —>• Y does not depend on the chosen desingu¬ 
larization 5 of T f . 

Proposition 3.4. Let f : X — ■> Y be a dominant rational map between 
projective manifolds of the same dimension. The morphism p : N —>• Y 
constructed above is unique up to isomorphism. We say that p is the finite 
branched covering associated to f. 

Although the finite branched covering p: N —>• Y is a morphism univocally 
associated to /, it has the disadvantage that N can be singular. By that 
reason, we will look sometimes at the rational morphism /: X —>■ Y rather 
than p itself. The hypersurface V j decomposes as 

(6) Vj = IZjUCj 

where TZ^is the union of all irreducible components C (ZX j such that /(C) 
is a hypersurface of Y and Cj = X^\1Zj is the union of all irreducible 

components of V j that are contracted by /. Notice that 7 {TZj) coincides 
with the subset X p of N and that T\R.j- V p is a birational map. 

This means that the components of the ramification locus of p and their 
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ramification indices can be seen in X. We also deduce that the Zariski 
closed subset A/ := fulfills 

(7) A f = A p 

and that it does not depend on the desingularization. We also consider the 
Zariski closed subset 

A/ := 7(VjU V^) C Y 

which, under the asumption Q, is independent on the chosen desingular¬ 
ization because it coincides with py {Py 1 ^ f\ x \T: f US/)). 

Definition 3.5. A dominant rational map f : X Y between projective 
manifolds of the same dimension is said to be Galois if the associated finite 
branched covering p: N -A Y is Galois. 

Next theorem collects some known facts with the assertion that /: X -A Y 
is Galois if its restriction fy '■ Xy = f _1 (U) -A V to any Zariski open subset 
V of Y \ A f is Galois. 

Since the manifolds X and Y are assumed to be connected the rational 
map / induces a finite field extension /*: C (Y) A C(X) whose degree is 
the topological degree deg / of /. Hence, one could also say that / is Galois 
if the the field extension C(X)|C(y) is Galois. 

Theorem 3.6. Let f : X ---» Y be a given dominant rational map between 
projective manifolds of the same dimension and let p: N -A Y be the finite 
branched covering associated to f. If V is a Zariski open subset of Y con¬ 
tained in Y\Af then fy : Xy -A V is a covering whose monodromy group 
does not depend on V. Moreover, the groups 

• Deck(p) = {(j) € Aut(iV) | p o </> = p}, 

• Deck (fy) = {</>€ Homeo(Xy) \ f v o <f> = f v }, 

• Deck(/) = {f£ BirpT) | / o <j> = f}, 

• Aut(C(X)|C(T)) = {ip € Aut(C(A)) | ^| C(y) = id c(y) }. 

are naturally isomorphic. 

Proof. If V is a Zariski open subset of Y contained in Y \ A/ then the 
restrictions j3y and r yy of (3 and 7 to / - 1 (H) are biholomorphisms onto Xy = 
/ - 1 (H) and Ny = p~ l (V) respectively. Hence we can identify the restriction 
fy : Xy -A V and the covering py : Ny -A V via the biholomorphism 
lv 0 Py 1 ■ 3Xy —> Ny. On the other hand, since V CY\AfCY\Af = U , 
the covering py is a restriction of the maximal unbranched covering pu 
considered in ([3|) . The monodromy representation of py is the composition of 
the monodromy representation of pu with the morphism z* : 717 (H) -A 
induced by the inclusion 1 : U ^A V. Using the Lefschetz type theorem 
proved by Hamm and Le in na. we deduce that z* is an epimorphism, so 
that the monodromy groups Mon(p{/) and Mon(py) ~ Mon(/y) of pu and 
py coincide. 
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It is easy to see that the following diagram is commutative: 


Deck(/) c -s- Deck(/V) 


r 

Dec 


k(p) c 


Deck (pu) 


where 7 * is defined by 7 *(<^>) = 70^0 7“ 1 if ^ £ Aut(IV), the horizontal 
arrows are injective because they are given by restriction, and the right 
vertical arrow is the composition of the isomorphisms 

Deck (pu) — Z(M.on(pu)) = Z(Mon(py)) = Z(Mon(/y)) — Deck (/y), 

where we are using ©• Moreover, r is surjective thanks to Theorem 12.91 
Hence all the arrows considered are isomorphisms. Finally, the groups 
Deck(/) and Aut(C(X)|C(H)) are naturally identified. □ 

Remark 3.7. Since the above natural isomorphisms are given by restric¬ 
tions the previous proof shows that every € Bir(IV) such that p o cf> = p 
is actually in Aut(IV) and that every cj) € Homeo(Xy) such that f ° <j> = f 
extends to a birational map X --■» X. 

The characterization of Galois rational maps / : X —-> Y via the induced 
field extension C(A!)|C(y) show that being Galois is a birational property. 
More precisely, two rational maps f: X ---> Y and f : X' ---> Y' are called 
birationally left-right-equivalent ( birationally equivalent for short) if there 
are birational maps fix '■ X' —■* X and fiy '■ Y —-> Y' such that f = fiyo fo 
fix■ It follows that if / and f are birationally equivalent then / is Galois if 
and only if f is Galois. 

From the above discussion, we conclude that every dominant rational map 
/' : I' -+ F between irreducible projective varieties of the same dimension 
is birationally equivalent to a branched covering / : X Y. In that case 
Deck(/) C Aut(A), and if f is Galois then Y = X/G with G = Deck(/). 


4. Rational maps of regular type 

Let / : X —>• Y be a finite branched covering of degree d. According to 
Theorem 12.111 a complete systems of topological invariants of / is given by 
the embedded topological type of Af C Y jointly with the conjugacy class 
of the monodromy representation pj : iri(Y\A.f) —> &d- Now, we introduce 
a weaker topological invariant of combinatorial nature. 

4.1. Branching type. Let C be an irreducible component of Af. Each 
irreducible component D of /^(C) has a ramification index qd defined by 
the normal form (|2j). The monodromy of a local generator of 717 (IF \ C) ~ 
7 Ti(C n ^ 1 x C*) ~ Z is a product of disjoint go-cycles. Therefore the sum of 
the ramification indices of the irreducible components of f~ 1 (C ) is equal to 
the degree d of /. We consider the set of degree d branching types 

d— 1 k 

= (J {(01, • • • , Qk) G | Qx > Q2 > ■ ■ ■ > Qk, ^2 Qj = d} 

k= 1 3=1 
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and the subsets 23[) xt = {(d)i} C 23^ es = {J{(d/k)k} C 23^, where k varies 

k 

in the set of divisors of d with k < d and (g)^ = (g ,..., g) € N fc . 

Definition 4.1. The branching type of a branching covering f : A —>• Y of 
degree d is the map b j : —>• 23^ obtained by taking in increasing order the 
ramification indices along the irreducible components of /^ 1 (C), where C 
varies in the set £f of irreducible components of Aj. The branched covering 
f is called of regular type (resp. extremal type) if the image ofbf is contained 
in 23™ g (resp. 23)) xt j- 

Notice that a branched covering is of regular type if the ramification 
indices are constant on the fibres over A f\ Sing(Ay). A finite branched 
covering is of extremal type if all its ramification indices are equal to the 
degree of /. 

Remark 4.2. For a finite branched covering, being Galois is a global prop¬ 
erty, being of regular type is a semi-local one and being of extremal type 
is purely local. For arithmetical reasons, if the degree d is prime, then reg¬ 
ular type is equivalent to extremal type. Galois implies regular type and 
extremal type implies regular type but the converses do not hold in general 
as the following example shows. 

3 

Example 4.3. Let Yq = P x \ (J Di be the complement of four disjoint open 

i =0 

disks in P 1 with boundaries 7* and let g : 717 (Yo) — ^[yi] *^[ 72] *^[73] —>• 64 
be the morphism given by g(ji) = (1234), ^(72) = (12)(34) and ^(73) = 
(14)(23). Define /o : Ao = Yq {1,2,3,4} —> Yq to be the suspension 
covering associated to g which is not Galois because the monodromy group 
M = Im g has order 8 > 4. Notice that [70] -1 = [717273] A (1432). It is 
clear that f(f 1 ( 7$) = Si is a circle and f 0 \g. is a 4 : 1 map for i = 0,1; on 
the other hand, if i = 2,3 then f(f 1 (ji) = 5+ U 5~ are two disjoint circles 
and / 0 | 5 ± is a 2 : 1 map. Consequently, we can glue disks Aj, i = 0,1, 

and A f, i = 2,3, to Xq in order to obtain a compact Riemann surface 
X and a branched covering / : X —>■ P 1 extending /q with four branched 
points qo,quQ 2 ,Q 3 £ I® 1 and six ramification points Po,Pi,pf ,pf £ X with 
ramification indices 4,4, 2,2,2, 2 respectively. Hence Imb/ = {(2)2, (4) 1} C 
23) C8 and consequently / is a degree 4 branched covering of regular type. 
Riemann-Hurwitz formula implies that X has genus 2. □ 

In [TBJ Lemma 1] L. Greenberg shows that if the source space A is a 
connected and simply connected Riemann surface (for instance if A = P 1 ), 
then a regular type branched covering is Galois. This property follows, as 
a particular case, from the following result in which the difference between 
Galois coverings and regular type branched coverings is enlightened. 

Let / : A —>• Y be a finite branched covering a let f : X' —>• Y' be the 
restriction of / to X' = f~ l (Y') with Y' = Y \ Sing(Aj). Since A \ X' 
and Y \ Y' are Zariski closed subsets of codimension > 2 the branching 
type of / and f coincide and / is of regular type if and only if f is of 
regular type. By Riemann’s extension theorem, Deck(/) ~ Deck(/') and 
/ is Galois if and only /' is Galois. We have that A g = Aj (1 A' and 
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Sing(X) C / _1 (Sing(Ay)), cf. [20] Corollary 1.1.10]. Thus, in order to 
characterize the Galois or regular type property, we can assume without 
loss of generality that Ay and X are smooth. 

Proposition 4.4. Let f : X -4 Y be a finite branched covering. Assume 
that Af is smooth and consider the branched covering 

F : (X Xy X) v AlXylAl 

given by the composition of the normalization of the fibered product X x y X 
and the projection onto the first factor. Then 

(a) f is of regular type if and only if F is unbranched; 

(b) f is Galois if and only if F is trivial. 

Proof. Since the normal form ([2]) holds in every point of X we can proceed 
as follows. Let Xq := |_|[ =1 ^ ^ X be the preimage by / of a polydisk 
Yq := B" 4 7 such that {0} x B ra_1 = Ay fl Yq and the restriction /, of / 
to the polydisk D™ writes as fi(xi,u ) = (xffiu). Then 

r 

Xq Xy X 0 = U {( Xi ,u, yj ,v) € B 2n I X? = y]\ u = v}^Xx Y X 
i,j =1 

is the preimage in X Xy X of Xo ^4 X by the projection X Xy X -4 X. 
The preimage Zq of Xq by F is nothing more than the normalization of 
Xq xy Xo- If rii = rij for all i,j = l,...,r then Zq is a disjoint union 
of polydisks {xi = ( k yj} x B 71-1 , over which F(xi,yj,u ) = ( Xi,u ) is an 
isomorphism, where ( is a primitive n Y root of the unity. This shows that if 
/ is of regular type then F is unbranched. To prove the converse, assume 
that ni nj. Then {(x l . ) € B 2 | x] 7-1 = yT} x B n_1 decomposes as k 

branches of type x= CVj 3 1 an d where n* = n^k, nj = n'jk, gcd(n], nb) = 1 
and Cf is a primitive fc-root of the unity. The normalization morphism of each 
branch takes the form B n 9 ( z,w ) 1-4 (z n i,z n,i ,w). Hence the restriction of 
F to the normalization of this branch writes as F(z , w) = ( z n i , w) which 
ramifies if n] > 1. Finally, if n* 7^ nj there is always a connected component 
of the preimage of {0} x B n_1 with n[> 1. 

Assertion (b) follows easily from Theorem 13.61 using characterization ([3]) 
in Definition 12.21 □ 

4.2. Dimensional reduction. In this subsection we translate the problem 
of deciding if a given rational map is Galois to a lower dimensional situation. 
This is done in two different ways: the first one by considering the restriction 
to appropriate curves and the second one by taking suitable quotients of the 
manifolds. 

Definition 4.5. Let f : X -4 Y be a finite branched covering and let Z C Y 
be a connected submanifold. We will denote by f% : Xf. —>• Z the branched 
covering given by the composition of the normalization map of f~ 1 (Z) and 
the restriction of f to f^ 1 (Z). 

Clearly, deg fz = deg / if and only if Z Ay. 

Proposition 4.6. Let f : X -4 Y be a finite branched covering and let 
Z cY be a connected submanifold. If Z meets transversely A y then 
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(a) Xz = f 1 (Z) is smooth and = fz, 

(b) Af z = Aj n Z, 

(c) there is a map %z '■ £f z —>• £/ such that bf z = bf o i z . 

Proof, (a) Transversality implies that Z (1 Aj C A f \ SingAj. By [2(71 
Theorem 1.1.8] every point q of f~ 1 (ZC\Af) is non-singular for both X and 
/ -1 (Aj) and there are local coordinates (xi,..., x n ) and (y ±,..., y n ) around 
q € X and f(q)€.Y in which / writes in the normal form ([2]). Moreover we 
can assume that Z = {y\ = ■ ■ ■ = y k = 0} with k = n — dimZ < n. Hence 
/ _1 (Z) = {x\ = ■ ■ • = x k = 0} is smooth at q. Assertion (b) is obvious from 
the local writting f z (x k+1 ,...,x n ) = (x k+ i,..., x„_i, x&). (c) Since Z is 
disjoint from the pairwise intersections of the irreducible components of A f, 
there is a well defined map iz : —>• <Lf sending an irreducible component 

C C Aj z C Z to the unique irreducible component of Af C Y containing 
C. Then bf z = bfOi z . □ 

Remark 4.7. If Z meets transversely all the irreducible components of Af 
(e.g. if Y and Z are projective) then / is of regular type if and only if fz is 
of regular type. On the other hand, if the inclusion Z\Aj C Y\Af induces 
an epimorphism 7Ti(Z \ Aj) —» 7Ti(y \ A f) then / is Galois if and only if fz 
is Galois after Proposition 12.41 

These considerations motivate the following definition. 

Definition 4.8. Let A be a proper Zariski closed subset of Y. A curve 
t C Y is called A-admisible if i meets transversely A and the inclusion 
i \ A C Y \ A induces an epimorphism \ A) — » 7Ti(Y \ A). 

The main result of this section is Theorem 14.101 below which provides a 
reduction to dimension one to the problem of deciding if a given branched 
covering is Galois of or regular type. In order to state it properly we intro¬ 
duce the following notion. 

Definition 4.9. The weighted branching type of a finite branched covering 
f : X —>• Y of degree d with respect to a fixed embedding Y C F N is the 
element of the Z-module given by 

bj:= ]T(deg C)b f (C). 

Ceff/ 

We also define the integer \bf\ := Yl (deg C){d—kc) € TP, where bf(C ) = 

C&tf 

{Qi, ■ ■ ■ ■, Qk c ) € N fcc . 

Theorem 4.10. Let f : X Y be a finite branched covering of a projective 
manifold Y of dimension n, let A C Y be a Zariski closed subset containing 
Af and fix an embedding Y C P N . Then there is a Zariski open subset V of 
the Grassmannian G of (N — n + 1)-planes in such that 

(a) for all L £ V the hyperplane curve i = Lfl Y is connected, smooth and 
A-admisible; 

(b) all the one-dimensional branched coverings fi : Xi —>• t = LC\Y, varying 
L G V, are topologically equivalent and bj e = by. 
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In particular, f is Galois (resp. of regular type) if and only if ft is Galois 
(resp. of regular type) and the genera of Xt and i and the degree d of f are 
related by the Riemann-Hurwitz formula 

(8) 2-2g Xt =d(2-2g e )-\by\. 

Proof. Let us consider the projective varieties C = {(y, L) £ Y x G \ y £ L} 
and A4 = {(x,L) £ X x G| f(x) £ L} jointly with the natural morphisms 
C -A G, M. -A G and A = / x idg: M. -A C. By Theorem 13.21 there is a 
Zariski open subset V C G such that the family (Y x G, A x G, C) -A G is 
equisingular over V. For every L £ V there is a neighborhood W of L in V 
and a homeomorphism h:YxW^YxW such that h(A x W) = A x W 
and h(C\y) = i x W, where I = L n Y is (by definition) a hyperplane curve 
of Y, which is smooth (Bertini) and connected (Lefschetz). By restricting the 
Zariski open subset V if necessary we can assume that LtlY is transverse to A 
for every L £ V. Moreover, by successive application of m Theorem 1.1.3] 
there is a dense real senri-algebraic open subset U of G such that if L £ U 
then i = L n Y is A-admisible. If Lq £ U n V and L\ £ V then the following 
diagram is commutative 




TIT (4 \ A) 7Ti(£i \ A) 

and consequently the hyperplane curve l\ = L\P\Y C Y is also A-admissible. 
By Proposition 14.61 for each L £ V we have a finite branched covering 
f e :X e -+£ = L nV. 

By Proposition 13.31 there exist Zariski open subsets £' <£ C and M! C M. 
such that A': M! —>• C and \' L : M' L —>• C' L , L £ V, are finite coverings 
and the projections M' —> V and £ —> V are topological fibre bundles. 
Moreover, for every Lq,L\ £ V there are homeomorphisms if : Cl 0 —>• Cl 1 
and (f) 1 : Xifo -^Li making commutative the following diagram: 


M', 




Lq 


M', 


A', 


L o 

c 

T 




L i 

X, 


Lo 


C 


L i 


where if' is the restriction of if. Notice that for i = 0,1 we have that C' L . and 
M' l are naturally included in £ t \Af and f~ x (Ii \ Af) respectively. More¬ 
over we can identify \' L with the restriction of ,/)\ : -A ii, i = 0,1. Since 

if maps £o\Af isomorphically onto £\\ Af and the monodromy groups of ft t 
and \' L . coincide by Theorem 13.61 we deduce that the monodromy representa¬ 
tions of the maximal unbranched coverings of fp, are conjugated. We deduce 
that ft 0 and f^ are topologically equivalent by applying Theorem 12.111 
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Let C be an irreducible component of A f. Then C n l = {(/(',... ,qf c } 
where 5c = degC. By Proposition 14.61 we have bf t {qf) = bf(C). Therefore 

<■”,= E X>*(«. c )= E fcMC) = by. 

c&tf i= i CeC/ 

Finally, 

l b /l = (degC)(d-k c ) = Y, (Qp ~ 1) = Y. ( e P ~ ^ 

cec f cet f qeerc pGf -\ q) P ev /( , 


is the ramification summand in the Riemann-Hurwitz formula, proving the 
last assertion of the theorem. □ 


We finish this section with another useful dimensional reduction in the 
context of rational maps. 


Proposition 4.11. Consider a commutative square of dominant rational 
maps 

X . Y 


U : 

Y 


X 


V 



with dim A = dirnT and dim A = dimT. Assume that X, Y, Y and the 
generic fibre of v : Y --■» Y are irreducible and deg / = deg / = d. Then the 
monodromy and the deck transformation groups of f and f are conjugated 
in <S d . 


Proof. By Proposition [3A] there are Zariski open subsets X' C A\(EjUE u ), 
Y' C Y \ E„, X' C A \ E j and Y 1 Cf such that the restricted diagram 


(9) 



is commutative, the horizontal arrows are coverings and the vertical arrows 
are fibre bundles. The exact sequence associated to the T'-fiber bundle v' 
ends as 

(10) , k\{Y') it\(Y') —0 = 7r 0 (F / ). 

By the universal property of the fibered product there is a map w' : X' —>■ 
Z' = X' Xy, Y' making commutative the following diagram: 
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The long exact sequence of the pull-back bundle // : Z' —> X' ends as 
vr 0 (F') = 0 -A vro(Z') -A 0 = tt 0 {X') 
and consequently Z' is connected. Hence 

deg / = deg/' = (deg w') (deg q) = (deg u/) (deg /') = (deg u/) (deg /). 

Since deg/ = deg/, we deduce that w' is birational and restricting the 
Zariski open set if necessary we can assume that w' is a biholomorphism, 
i.e. the square (|9|) is cartesian, or equivalently, the covering f is the pull¬ 
back by v' of the covering /'. We conclude by applying Proposition 12.41 to 
the epimorphism (1101) . □ 

4.3. Rational maps in the projective space. By definition, the branch¬ 
ing type of a dominant rational map / : X ---» Y between projective 
manifolds of the same dimension is the branching type of its associated 
branched covering, see Proposition 13.41 The notions of regular and extremal 
type rational map are the obvious ones. In particular, if f: X --■» Y and 
f'.X'—^Y are birationally left-equivalent, i.e. there is a birational map 
(3: X' > X such that f' = fo(3 then / is of regular type if and only if f 
is of regular type because they have the same associated branched covering 
p:N->Y. 

Theorem 12.131 states that every Galois branched covering over a projec¬ 
tive manifold with Galois group G is birationally equivalent to a certain 
pull-back of P n —» P n /G, for some monomorphism G t —> Aut(P n ). There¬ 
fore, it is of particular interest to study rational maps with source space 
the projective space P". Combining all the previous results we obtain the 
following semi-local characterization of Galois rational maps / : P” ---> Y 
that generalizes the one-dimensional Greenberg criterion m Lemma 1] to 
arbitrary dimension: 

Theorem 4.12. Let Y be a connected complex projective manifold and let 
f : P n ---» Y be a dominant rational map. Then, f is of regular type if and 
only if f is Galois. 

Proof. It suffices to prove that if / is of regular type then / is Galois. Put 
X = P n , let (3 : X —> X be a birational map such that f = f o (3: X Y 
is a desingularization of / and let p : N —>• Y be the associated finite 
branched covering obtained by the Stein factorization of / : X —> N —>• Y, 
see Proposition 13.41 Recall that for a rational map /, being of regular 
type means that p is a branched covering of regular type. Set Y' = Y \ 
Sing(Ap) and p ': N' —> Y' the restriction of p to N' = p~ l {Y'). Let a be 
the composition of the normalization Z of N' Xy/ N' and the projection on 
the first factor. Since Y\Y' and N\N' have codimension > 2 we have that 
p' is also of regular type and by Proposition 14.41 the map a : Z —> N' is an 
unbranched covering. Consider the Zariski open subset V = Y\At which is 
contained in Y' because A p = A f C A f. Let l C X = P n be a straight line 
avoiding the codimension > 2 subsets X/ and (/|x\E / ) _1 (Sing(A p )) which is 
also C-admisible, where C is the Zariski closed set X \ Xy. Notice that the 
birational map 70/?" 1 : X ---» N restricts to a well-defined morphism t —>• N' 
and also restricts to a biholomorphism f : Xy —>■ Ny. Consider the covering 
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W -A £ pull-back of cr : Z —^ N r by (yo/? -1 )^, which is trivial because £ ~ P 1 . 
Since Xy Xy Xy is smooth we can identify it with a Zariski open subset 
of Z using the biholomorphism 4> : Xy -A Ny. The restricted covering 
W' -A £' := £(1 Xy is the pull-back of the covering Xy Xy Xy -A Xy by the 
inclusion £' C Xy. Since £ is C-admissible, the morphism n\{£') -a ir\{Xy) 
is surjective. By Proposition ^. 41 the covering Xy XyXy -A V is also trivial. 
By the characterization Q of Definition 12.21 we have that fy is Galois. We 
conclude that / is Galois by applying Theorem 13.61 □ 

It follows from the description of the local generators of the monodromy 
group given in subsection 14. II that if the rational map / is extremal of degree 
d, then its monodromy group contains a d-cycle and we obtain the following 
result. 

Corollary 4.13. Every dominant rational map f : P n —» Y of extremal 
type is Galois with cyclic monodromy group. Moreover, every Galois rational 
map of prime degree is of extremal type. 

However, there are examples of cyclic Galois rational maps that not are 
of extremal type. 

Example 4.14. If /, : X t ---> Y t are rational Galois maps of degree di > 1 
with cyclic monodromy group, i = 1,2, and gcd(di,d 2 ) = 1 then / = 
/i x f ‘2 : X\ x X 2 — ■* Y\ x Y-i is Galois and Deck(/) ~ Deck(/i) 0 Deck(/ 2 ) = 
Zdj 0 Z ^ 2 ~ Z d with d = d\d 2 = deg / but the ramification indices of / are 
all of them < max(di,d 2 ) < d. □ 

A natural class of rational maps to be considered is that of dominant 
rational maps /: P n ► P n . In that case, the straight lines £ € Gf are the 
hyperplane curves of P n . 

Although a branched covering of regular type is not necessarily Galois, 
as it is shown in Example 14.31 and despite that in general f~ 1 (£) is not a 
rational curve, using Theorem 14. 101 we have: 

Corollary 4.15. Let f: P” ---> P n be a dominant rational map and let 
p : N -a P n be its associated branched covering. If £ CP" is a generic line 
then the one-dimensional reduction pg \ Np £ of p can be identified to the 
map ff: f~ l (£) u -A £. It satisfies the following property: 

ff regular type 44 / regular type 44 / Galois 44 fjf Galois. 

Definition 4.16. The genus Qj of a dominant rational map f: X —*■ P n is 
the geometric genus of the curve f^ x {£) for a generic straight line £ C P n . 

Example 4.17. If a dominant rational map /: P" —■* P n has extremal 
weighted branching type bj = c(d) 1 then 0/ = by ©. □ 

In this context, the simplest case is that of rational maps /: P n --■* 
P n of genus zero. By Theorem 14.101 the study of the Galois property in 
this case reduces to the one-dimensional situation / : P 1 —> P 1 , which is 
completely understood. If we regard P 1 as the unit sphere § 2 , then the 
deck transformation group of / is conjugate to a finite subgroup of the 
group SO 3 = PSU 2 , which is the maximal compact subgroup of PSL 2 (C) 
and whose finite subgroups are well-known: cyclic, dihedral, tetrahedral, 
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octahedral and icosahedral. In fact, for each finite subgroup G of PSL 2 (C) 
there is a Galois branched covering / : P 1 —>• P 1 whose deck transformation 
group (also called Galois group) is just G. More precisely, the following 
classification goes back to Klein [18l Chapter IV], see also [26j Theorem 3.6.2, 
pp. 43-44 and 65-66] for a modern exposition: 

Theorem 4.18. Let f : P 1 —>• P 1 be a degree d Galois rational map with 
deck transformation group G. Then f (resp. G) is left-right-equivalent (resp. 
conjugated) to one of the rational functions (resp. triangular subgroups of 
SO 3 C PSL 2 (C)J appearing in TableUl where 



d 

/ 

b .f 

G 

a{z) 

t(z) 

Cyclic 

n 

fCn 

2(n)i 

C n = T(l, n, n) 

z 

C nZ 

Dihedral 

2n 

fD n 

2(2 ) n + ( 71)2 

D n = T(2,2, n) 

1 

Z 

C n 

Z 

Tetrahedral 

12 
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II 
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CO 
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Octahedral 

24 

fo 
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S a = T{ 2,3,4) 

iz —I 
z—i 

Z+l 

z—i 

Icosahedral 

60 

fl 

( 2)30 + ( 3)20 + (5)i2 

Oi 

II 

JO 

co 

OJ 

(j)—z 
<t>z+ 1 

4>z+ 1 


Table 1. Klein’s classification of Galois rational functions on P 1 . 
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5. Families of rational maps 

In this section we consider families of rational maps with the aim of 
determine the structure of the set of Galois maps in the family. We show 
that this set is always constructible and Zariski closed when the target family 
is a P n -bundle over the parameter space. In that case the genus of each 
element of the family is well defined and we prove that it is Zariski lower 
semi continuous. 

We begin by recalling the notion of family of compact complex manifolds. 

Definition 5.1. A family of manifolds overT is a surjective proper submer¬ 
sion tt : Y —^ T with connected fibres between connected complex manifolds. 

Notice that by Ehreshnran’s lemma, n is a locally trivial C°° fibre bundle. 
We can thought the family n : Y —>• T as the collection {Y t }t£T of fibres 
Y t = vr _ 1 (t). 

From now on V, Y and T will be quasi-projective manifolds and the maps 
occurring between them will be algebraic maps. 
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Definition 5.2. A family of dominant rational maps of constant topological 
degree over T is a dominant rational map f : X —-> Y and two families of 
manifolds ixx '■ X —>• T and iry : Y —>• T such that nx = vry of, Xt <£. Ej 
and the restricted rational map ft : X t —■* Y t has topological degree deg / 
for all t E T . 

Remark 5.3. Let /: X » Y be a family of rational maps over T. Given 
a morphism 6: T —>• T the pull-back of the family / by 6 is well defined and 
it is given by / = / x id^ : I = I Xy T -> 7 = Y Xy T. Notice also 
that there is natural identification between the maps f^^ and f s for s € T 
preserving in particular the Galois character. 

Proposition 5.4. For every family of dominant rational maps of constant 
topological degree f : X —-> Y over T there is a Zariski open subset T' C T 
such that the finite branched coverings pt : N t —>• Y t associated to f t are 
pairwise topologically equivalent for t G T'. In particular, for t € T' the 
weighted branching type b™ t is constant and the monodromy groups of ft are 
all conjugated. Moreover the subset 

Gal(T) :={teT\f t is Galois } C T 

is constructible. 

Proof. By applying Proposition 13.31 to the morphisms X \ S/ —t Y —»■ T 
we obtain Zariski open subsets X' C X, Y' C Y and T' C T such that 
the restrictions ft: X[ —>• Yf of f : X' Y' for t € T' are pairwise topo¬ 
logically equivalent coverings by homeomorphisms Yf —>• Yl, extending to 
Y t —>• Yp. We deduce the first assertion by applying Theorem 12.111 Since 
the monodromy groups of pt for t € T' are all conjugated, we obtain the 
following dichotomy: either T' C Gal(T) or Gal(T) C T \ T'. Considering 
the pull-back families (cf. Remark [53]) of / : X --■* Y by desingularizations 
St : Ti —>• Tj C T of the irreducible components T, t of the closed Zariski 
subset T\T r and reasoning by induction on dim T (the O-dimensional case 
being trivial) we deduce that Gal(T)\T' = |J i <5j(Gal(T))) is constructible by 
Chevalley theorem. We conclude that Gal(T) = (Gal(T)nT , )U(Gal(T)\T / ) 
is also constructible thanks to the above dichothomy. □ 

Example 5.5. Let Rd — P 2a!+1 be the projectivisation of the complex vector 
space of pairs of homogeneous degree d > 0 polynomials in x, y. Consider 
the Zariski open subset T = {[A,B] € Rd, gcd(A,B) = 1} whose com¬ 
plementary is given by the vanishing of the resultant of the homogeneous 
polynomials A(x, y ) and B(x, y). The rational map / : P 1 xT —>• P 1 xT given 
by f([x, y], [A, B]) = (\A(x, y), B(x, y)], [A, B]) can be thought as a family of 
rational maps of constant topological degree d between the trivial families 
P 1 x T —» T. In this situation the subset Gal(T) of T consists in the orbits of 
the elements described in Theorem 14. 181 bv the action of PSL 2 (C) x PSL 2 (C) 
on T given by the left-right equivalence. In that case Gal(T) is more than 
just a constructible subset, it is a quasi-projective manifold. □ 

An interesting situation to be considered is when the target family Y is a 
P n -bundle over T. In that case we have an arithmetic well defined invariant, 
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namely the genus g f t of ft, i.e. the geometric genus of the curve f t l (£t) C X t 
for a generic line ^ C h - P". 

Theorem 5.6. Consider a family of dominant rational maps of constant 
topological degree f : X —> Y over T, where Y -A T is a ¥ n -bundle. Then 
Gal(T) is a Zariski closed subset ofT, the (abstract) Galois group is constant 
along each connected component of Gal(T) and the genus map g : T —> Z + 
sending t to the genus of ft is (Zariski) lower semi-continuous. 

Before proving Theorem 15.61 let us make some previous considerations. 

Remark 5.7. Let IT be a Zariski constructible subset of a quasi-projective 
manifold T which is closed in the euclidian topology. Then W is Zariski 
closed in T. In particular, if /: X —> Y is a proper morphism between quasi- 
projective manifolds then / is Zariski closed thanks to Chevalley theorem. 

Lemma 5.8. Let T be a quasi-projective, irreducible variety and ip : T Z + 
a map with the following property: for every irreducible closed set S C T, 
there exist a non empty open set Us C S such that f\u s = sup^lg. Then p 
is lower-semicontinous. 

Proof. By hypothesis there is a non empty open set Ut such that p\u T = 
sup cp = do- We consider Ut maximal open with this property and write 
<p(T) = {do > d\ > ... > d r }. Now, decompose the closed set T \ Ut = 
Si U ... U S r as union of irreducible components; by maximality it is easy 
to see T \ Ut = {p < do}. Applying the same argument to each Sj it is 
straightforward to conclude that {ip < k} is closed for every k € Z + . □ 

If Y -A T is a P n -bundle we can consider its associated grassmannian 
bundle ixt'- G 1 -a T with fibre G = G™, the space of lines in P n . 

Lemma 5.9. Let Y -A T be a P n -bundle and let V C T and Ac Y be 
Zariski closed subsets such that A t := A n Y t is a proper subset of Y t for 
all t € T. For each point to € V there is an analytic curve 7 : B -a G^ , 
7 (z) = (t z , £ z ), such that the line £ z C Y tz is a A tz -admisible curve for all 
z € B, transverse to A if z € B* and the curve T = Im(7Pr 0 7) C T is smooth 
and T(1V = {to}- 

Proof. Consider the subset Wo of pairs {t,i) G G 5 such that l is not trans¬ 
verse to A or 7Ti(£ \ At) -A 7n(y t \ A f ) is not an epimorphism. By applying 
Theorem 13.21 to the family 

(Y XT G Y , A x T G y , {(y, t,£)\ye£c Y t }) -> G y 

as in the proof of Theorem l4.10l we deduce that the Zariski closure Wo of Wo 
is a proper subset of G^ . We decompose Wo = W(f U Wq , where Wq is the 
maximal 7 Pr-saturated subset of Wo- Consider the Zariski closed subset T\ = 
MWS) C T and the subset Wi of pairs (t,£) € 7 t} 1 1 (Ti) such that £ is not 
transverse to Ari 7 r}; 1 (Ti) or 717 (^\Af) -a iri(Yt\At) is not an epimorphism. 
Again by Theorem 13.21 the Zariski closure W 1 is a proper subset of 7 r 7 i 1 (Ti) 
that we can decompose as W f U Wf for a maximal -nr-saturated subset 
Wf. We continue to define W{ inductively until W}- mT = 0 thanks to 

dimT 

Theorem 14.101 Consider the Zariski closed subset W := |J W / 1 c G y . 

i =0 
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By construction the restriction of ttt to G Y \ W is surjective. Let U be a 
neighborhood of to in T such that Yjj ~ U x P” and G Jj ~ U x G. Take 
a regular parametrization z H > t z of a smooth analytic curve T C U C T 
such that rn(yu Ti) = {to}- Choose a point £q £ G such that (to,£o) € 
(U x G) \ W. Then 7 ( 2 ) := (t z ,£o) ^ W, for |z| small enough, satisfies the 
desired properties. □ 

Proof of Theorem \5.6l By Proposition 15.41 Gal(T) = lj -=i where Ti C T 
is quasi-projective and irreducible. Take a desingularization <5* : X) -» C 
T of the closure Ti of 7) in T and consider the corresponding pull-back family 
over Ti, whose generic element is Galois (more precisely 5f l (Tf) C Gal(Tj)). 

On the other hand, for every irreducible Zariski closed subset S of T we 
fix a desingularization 5s ■ S -» S C T of S and we consider the pull-back 
family / of / by 6s- Consider the Zariski open subset S' of S given by 
Proposition 15.41 along which the genus of f-g is constant. Then the genus of 
f s is constant along a Zariski open subset Us C 6s(S') C S. 

In both situations, taking T = Ti or T = S, we are in the case that 
T' C Gal(T) and the genus g* of f t is constant along a Zariski open subset 
T' of T. It is sufficient to prove that if to £ T\T' then ft 0 is Galois with 
the same abstract monodromy group than ft and that gt 0 < g< thanks to 
Lemma 15.81 

We fix a desingularization / : X —» Y of / where /3 : X —>• X is a 
composition of blow-ups centered in Xj C X and / = / o (3. Then / is 
proper (because f3 and -kx are proper) and A := /(VjU V^) is a Zariski 

closed subset of Y thanks to Remark 15.71 Notice that the restriction of / to 
f~ l {Y \ A) is a covering onto its image. Moreover, thanks to the constancy 
of the topological degree of f t we have that A; := A fl Y t is a proper subset 
of Yt containing Af t . 

By applying Lemma 15.91 to the Zariski closed sets V = T\T' and A, for 
each to £ V we obtain a curve T passing through to and a P 1 -bundle 

£:={y€Y\3z€B, y£i z CY tz } 

over D ~ T C T. Since B is Stein C ~ P 1 x B. _ 

Let g : A4 —>■ L be the composition of the normalization v of / -1 (£) and 
the restriction of /. Then g is a degree d = deg / branched covering because 
it is surjective proper and finite (C can be chosen to avoid the codimension 
> 2 subvariety f(Cj) of A) and A g C An£. Moreover g satisfies the following 
properties: 

(1) C z A g because L z contains generic points of Y tz and f tz has topological 
degree d; 

(2) L z meets transversely A g for every z £ B* because £ z is transverse to 
A D A g ; 

(3) for every z £ B* the fibre A4 z is a smooth curve and the restriction 
g z ■ Ai z —>• C z ~ P 1 is a degree d branched covering with A gz = A g n C z 
thanks to Proposition 14.61 

Hence g : M. —>• P 1 x B is a degenerating family of finite branched coverings 
of P 1 in the sense of [22] §5]. Let us denote Y' = Y \ A, X 1 = f~ 1 (Y l ), 
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£ = C n Y' and Ad' = g _1 (/y). We can identify the d-sheeted coverings 
g: Ad' -A £ and /: f~ l (£) -A £ via the isomorphism jd o v\ ^ . Since 
X' t -A Y( z is a connected d-sheeted covering and £ z is a A tz -admisible curve 
we deduce that Ai' z is connected for every z € B. Furthermore A4 Z is 
a connected smooth curve for z € D* and A4 q determines an irreducible 
component of Ado and the remaining irreducible components of Ado, if they 
exist, must be 0-dinrensional because Ad' 0 -A £ 0 is a d-sheeted covering and 
deg g = d. A topological argument implies that Ado must be connected 
because Ad is connected, the map Ad -A D is proper and M. z is connected 
for z € B*. Hence Ado is an irreducible curve. 

From [221 Theorem 5] and Theorem 14. 101 we deduce that the monodromy 
group Mon(^Q) = Mon (f to ) of g$ : Adg -A £ injects canonically into the 
monodromy group Mon(g^) = Mon (f tz ) of g z for 2 € D*. Since ft, is Galois 
for 2 € D* the monodromy group Mon(/t z ) has d elements. Since Ado 
is irreducible, the monodromy group Mon^) C &d acts transitively on 
{1,... ,d}. Hence Mon(/ io ) = Mon (f tz ) and consequently f to is Galois with 
the same monodromy group as ft- 

On the other hand, from [22, Theorem 4] it follows that y(Adr) < x(Ado) 
for z£ B*. Then 

2 - 2 0tz = X (M Z ) < x(M 0 ) = x(Ado) - - i) < x(Ad^) = 2 - 2 0to , 

xeM o 

where (3 X is the number of branches of the irreducible curve Ado at x. □ 

6. Foliations and webs 

Given a codimension one holomorphic foliation T on the projective space 
P n , its associated Gauss map Qj induces a well defined web Leg A 7 on the 
dual space P” which is called the Legendre transform of A 7 , provided that Qj 
is dominant. In this section we study the direct image of foliations and webs 
by more general rational maps. In particular we deduce that the foliation 
A 7 is Galois, which means that the Gauss map Qj is Galois, if and only the 
web t/ji-LegA 7 is totally decomposable. This criterion will be the starting 
point of the discussion of Galois foliations on the projective plane carried 
out in Section [71 

We begin by recalling the notion of web given for instance in [i 25l §1.3.1 
and §1.3.3]. 

Definition 6.1. For a positive integer k, a codimension one k-web W on a 
complex manifold Y is given by an open cover {Vi} of Y and k-symmetric 
forms uji € Sym fc fly(Vj) subject to the conditions 

(a) for each non-empty intersection Vi n Vj there exists a non-vanishing 
function gij € Oy(V H Vj) such that uji = gtjCOj; 

(b) the zero set Sing(u;j) of uji has codimension at least two; 

(c) the germ of uii at every generic point of Vi is a product of k germs of 
integrable 1-forms Ui a , a = 1 ,,k that are not collinear two by two. 

The subset of Y where the non-collinearity condition fails is called the dis¬ 
criminant ofW and it is denoted by A(W). The singular set £yv of W is 
defined by Eyv H Vj = Sing(u;j) and it is contained in A(W). 
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Notice that for k = 1 we recover the usual definition of (singular) codi¬ 
mension one foliation F (see mm- In that case A(F) = Ej- is just the 
singular set of F. For arbitrary k > 2, a k -web always looks like locally as 
the superposition of k foliations, but not necessarily globally. If this is the 
case we say that the web is totally decomposable. In fact, there is a mon- 
odromy representation g>v : tti(P \ A(W)) —>• &k of W which determines 
the irreducible subwebs of W and whose triviality is equivalent to the total 
decomposability of W (see [25, §1.3.3 and §1.3.4]). Condition (c) allows us 
to define the tangent set T y W of W at a point y G Ui \ A(W) as the union 
of the k different kernels at y of the linear factors of u>i(y). 

Remark 6.2. Let L —>• Y be the line bundle associated to the cocycle {gij}. 
The collection {w,} defines an element in H°(Y, Syrn^Oy (g) L ) which can be 
interpreted as a meromorphic /c-symmetric form a; on Y. Condition (c) im¬ 
plies that the prime decomposition of cu = [] a w a is reduced. Each prime 
factor oj a defines an irreducible web W a on Y such that W is the superpo¬ 
sition of the webs W 0 . 

6.1. Developing a web. If / : X --■» Y is a dominant rational map and 
W is a fc-web on Y then the inverse image (or pull-back ) f*W of W by / 
is a well-defined fc-web on X. Outside the indeterminacy locus Ej, f*W 
is determined by the pull-back of the symmetric forms ry defining W. It 
extends to Ej by means of Levi’s extension theorem. 

The direct image (or push-forward ) of a web W by a rational map / is 
not defined in general. It is only defined for dominant rational maps and 
webs fulfilling some generic conditions. Let us consider first the case W is 
just a foliation. To this end we introduce the following notion. 

Definition 6.3. We say that a holomorphic foliation F on X is in general 
position with respect to a dominant rational map f : X --■» Y, or that F 
is f- general, if for generic y € Y the set of tangent spaces {df x (T x F) \x € 
f~ 1 (y)} has exactly deg / elements. 

Clearly, the set of /-general foliations is open. The following result shows 
that it is non-empty. 

Proposition 6.4. For every dominant rational map f : X --■» Y between 
projective manifolds of the same dimension n > 2 there exists a codimension 
one f-general foliation on X. 

Proof. Fix yo £ Y \ Af and consider the fibre f~ 1 (yo) = {#i,..., xj} C X. 
Let us fix an embedding X C and let us consider an affine chart 
A n C P jV containing the points x*, i = 1 ,...,d. There exists a linear 
projection g : A iV —>• A 2 such that pi = g{xf) are pairwise different points 
and ker dg Xi + T Xi X = T Xi A N . Let g : X —-> P 2 be the restriction of g 
to X. Consider the codimension two subspaces tj := df X] (ker dg Xj ) C T yo Y. 
For each j = 1 ,... ,d, we fix pairwise different codimension one subspaces 
hj of T yo Y containing ij. Consider the one-dimensional subspaces rj = 
dg Xj {df~^(hj)) C T Pj P 2 . We fix affine coordinates (u,v) on A 2 C P 2 such 
that pj = ( Uj,Vj) with m / Uj if i j and rj has equation v = ajU + bj 
with aj, bj € C. Let p(u) be a polynomial such that p(uj) = aj. The vector 
field d u + p(u)d v defines a foliation Fq on P 2 such that T Pj Fo = rj. Then 
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F = g* F\ o is a /-general foliation on X because df Xj (T Xj F) = hj C T yo Y are 
pairwise different subspaces. □ 

Proposition 6.5. Let f : X —► Y be a dominant rational map of de¬ 
gree d between projective manifolds of the same dimension and let F be a 
codimension one holomorphic f-general foliation on X. There is a unique 
d-web f*F on Y, called the direct image of F by f, such that T y f*F = 
U df x (T x F) C T y Y for generic y GY. 


Proof. We follow the ideas sketched in [25, §1.3.2], Let / : X —> Y be a 
desingularization of /. Using the notations introduced in Subsection 13.21 
we fix an open set V C Y \ JfSj) such that / -1 (^) = Um=i u m, f\u m is 
bijective onto V and there are holomorphic 1-forms ca m on U m defining F. 
Then cay : = n;Li(/i y 1 )*ca TO is an element of Sym d 17y. These d-symmetric 
forms differ by a non-vanishing multiplicative function in each non-empty 
intersection. Since F is /-general they define a d-web Wo on Y\ /(V j). 

In order to extend Wo to the generic point of Af C /(Vj) we will use the 
local normal form ([2]) of the branched covering p : N —>• Y given by the Stein 
factorization of /. According to formula ©, let y E A p = Af be a generic 
point and let V C Y be a neighborhood of y such that / -1 (U) = Uy=i Uj, 
f\l/j(z,w) = {z 9] , w) and F\u :j is defined by the holomorphic 1-form cuj = 
aj(z, w)dz + bj(z, w)dw. Then 


k Qj 

j v ■= n n 

j= i*=i 


(z e i Cf , w)z 


j_id* 

Bi —dz + bjiz 1 


‘i Q,w)dw 


is a univalued meromorphic d-symmetric form on V, where Q is a primitive 
Qj- root of unity. Multiplying uj' v by a suitable meromophic function on V we 
obtain a holomorphic d-symmetric form cay on V with codim(Sing(cay)) > 2. 
These symmetric forms define an extension of Wo to Y \ f(Cj). 

Finally as f{Cj) has codimension > 2, we can extend Wo to the whole 
Y by using the standard argument based on Levi’s extension theorem for 
meromorphic functions (see for instance [H Remarque 2.17]). □ 


Definition 6.6. Let W be a web on a complex projective manifold Y. As¬ 
sume that there is a dominant rational map f : X —-> Y and a f-general 
foliation F on X such that W = f*F. We then say that (X, F, f) is a devel¬ 
oping triple of the web W. Two developing triples ( X,F,f ) and (X,F, f ) 
of W are said to be birationally equivalent if there exists a birational map 
g : X ---> X such that g*F = F and f o g = f. 

The following theorem reformulates several results stated in [23l [5] [61, 25]. 
For the sake of completeness we give a sketch of proof. 


Theorem 6.7. For every web W on a complex projective manifold Y there is 
a developing triple (Zyy;,Cw, ttw) °/W unique up to birational equivalence. 
Moreover, there is a natural bijection between the irreducible factors of W 
and the connected components of Zy\j. 
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Proof. The closure Tyy of 


{(y, [ 77 ] ) € PT*Y | y A(W), kergCT y W} 

in PT*y is a projective (possibly singular) subvariety of dimension n = 
dimT. Fix a desingularization <5yy : Zyy — > Tyy C PT*y of Tyy; which is 
biholomorphism outside Sing(Fyy) and set 7 ryy = 7r o 5y\>. The pull-back by 
(5yy of the contact distribution C on P T*Y is an integrable distribution on 
Zyy giving rise to a codimension one holomorphic foliation Cyy on Zyy that 
is in general position with respect to 7 Tyy and that satisfies = W, 

showing the existence of a developing triple of W. 

In order to show the uniqueness let us consider a dominant rational map 
f : X —■* Y with dim X = dim Y and F a /-general foliation on X such that 
f*F = W. The rational map P T* f : P T*X —-> P T*Y defined by (x, [ 77 ]) i-a 
(f(x), [rj o df- 1 ]) is dominant and preserves the contact distributions. Since 
F is /-general and f*F = W the restriction gr of FT* f to Tj- C P T*X has 
image contained in Tyy and it is generically injective. Then the composition 
g := hyy 1 o g r o irf 1 is birational and fulfills g*T = Cyy. 

The discriminant A(W) of W contains the set of critical values A 7ryv 
of 7ryy and the monodromy representation /iyy of W is the composition of 
the epimorphism induced by the inclusion y\A(W) C V\ A^^^ and the mon¬ 
odromy representation of 7Tyy, cf. for instance [25l §1.3.3 and §1.3.4], 
In particular, the monodromy groups of W and 7Tyy coincide and the ir¬ 
reducible components of a web W on Y considered in Remark 16.21 are in 
one to one correspondence with the connected (necessarily irreducible) com¬ 
ponents of the manifold Zyy of its developing triple. Since the connected 
components of the total spaces of any two developing triples are in one to 
one correspondence, the above considerations complete the proof. □ 


Let W be a k- web on X and let /: X --■* Y be dominant rational map. 
We say that W is in general position with respect to / if there is a developing 
triple (Zyy, Cyy, 7Tyy) of W such that the foliation Cyy is in general position 
with respect to the composition / o 7 ryy. In that case we define the direct 
image of W by / as the kd- web (/o7ryy)*Cyy. The above theorem guaranties 
that this definition does not depends on the choice of the developing triple 
of W. 

Lemma 6.8. Let f : X — > Y be a dominant rational map with dim A = 
dimy and let F be a f -general foliation on X. Let 6 : Z —$■ X Xy X be 
a desingularization of the fibered product X Xy X C X x X and let p and 
q denote the compositions of 5 with the canonical projections onto the two 
factors X. Then ( Z,q*F,p ) is a developing triple of the web f*f*F. 

Proof. Since the projections / and p are locally equivalent on suitable Zariski 
open subsets we have that F is /-general if and only if q*F is p-general. The 
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commutativity of the diagram 



implies that p*q*T = f*f*F provided that T is /-general. □ 

From Theorem IQ and the above Lemma we obtain the following char¬ 
acterization. 

Theorem 6.9. Let f : X ---» Y be a dominant rational map between com¬ 
plex projective manifolds of the same dimension and let J- be a f-general 
foliation on X. Then f is Galois if and only if the web f*f*T is totally 
decomposable. In that case f*f*J 7 is the superposition of the foliations 4>*X 
varying </> € Deck//) C Bir(X). 

Remark 6.10. This result says that the decomposability of the subvariety 
I Xy I C I x I of codimension n into d = deg / irreducible components 
is equivalent to the total decomposability of a rational d-symmetric form 
defining the web f*f*X according to Remark 16.21 or equivalently to the 
total decomposability of a single degree d polynomial in n — 1 variables over 
C(X). From the computational point of view, this simplifies the problem 
of deciding if the rational map / is Galois. From this interpretation it is 
clear that the case n = 2 is very special as the question is reduced to the 
decomposibility of a single polynomial in one variable (cf. Proposition 17.21) . 

Definition 6.11. A web W on Y with developing triple (Zyy,C>v, 7r>v) is 
called Galois if the rational map ttw : Zy^ —-> Y is Galois. 

From Theorem 12.121 and Proposition 16.41 we obtain the following result. 

Theorem 6.12. For every finite group G and every connected complex pro¬ 
jective manifold Y there is a Galois \G\-web on Y with monodromy group 
isomorphic to G. 

6.2. Foliations and webs on the projective space. The rest of this 
section is devoted to treat the case X = P n . In that case P T*X can be 
canonically identified with the incidence variety 

V = {(p, h) € P n x P n : p G h} C P n x P n , 

where h (resp. p) is the hyperplane in P” (resp. P n ) corresponding to 
the point h € P n (resp. p € P n ). By symmetry, V is also canonically 
isomorphic to PT*P n . Moreover, the contact distributions C of pp*p ri and 
PT*P n coincide under the identification with V and 

(11) C^h) = dit~ l (T p h) = d7r _1 (T h p) C T( p ,h)V, 

where ir and n are the restrictions to V of the natural projections onto P n 
and P n . 
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For each web W on P n we consider the developing triple (Zyy,Cyy, 7Tyy) 
of W given by the composition 7ryy : Zyy -A P” of a desingularization dyy : 
Zy\> -A r>v of the possibly singular subvariety Tyv C PT*P n ~ V considered 
in the proof of Theorem 16.71 Let 7ryy be the composition of dyy : —>• Tyv 

and the restriction of n to Tyy C V. Thanks to formula m we see that Cyy 
is in general position with respect to the projections 7Tyy and 7fyy, whenever 
they are dominant maps. 

Definition 6.13. We say that a web W on P n is non-degenerate if the 
map 7fyy : Zyy -A P" is dominant. In that case we can consider the web 
LegW := (7fyy)*Cyy on P n which is called the Legendre transform ofW. 

To every web VV on P n we can associate its characteristic numbers di(W), 
i = 0,... , to — 1, which can be defined as the number of tangency points 
between the leaves of W and a generic linear z-plane t{ C P n . More precisely 
(see [25) §1.4.1]) di(W) is the number of pairs (p,h) € P” x P n such that 
p € £i C h C P” and T p h C T P W, for a given generic linear i-plane P* ~ C 
P n . Notice that do(W) counts the number of leaves of W through a generic 
point of P n , that is W is a do(W)-web. 

From now on we focus on the case of foliations. 

Definition 6.14. Let T be a codimension one foliation on P n . The Gauss 
map of T is the rational map Qjr : P n —^ P n defined by Gf{p) = T p T, 
where the tangent space T p T of T at a regular point p of F is thought as a 
hyperplane o/P n . 

Notice that Qj = i rj- o irfr 1 - This implies that the topological degree of 
Qjr is just d n -\{F ) and Leg F = (Gf)*F. In the case n = 2 the topological 
degree of Gt coincides with its usual degree d\{F ), i.e. the number of 
tangency points of the leaves of F with a generic line. 

Remark 6.15. The classification of degenerate foliations, i.e. foliations 
whose Gauss map is not dominant, is known in dimension n < 4: for n = 2 
they are of degree zero, i.e. pencils of lines, for n = 3 see [8] and [12] for 
n = 4. 

Although by Definition 1 6.11 1 every foliation is a Galois 1-web, in the sequel 
we will understand this notion, when applied to foliations on P n , according 
the following definition. 

Definition 6.16. A non-degenerate codimension one foliation F on P n is 
said to be Galois if the web Leg F is Galois or equivalently if the Gauss map 
Gt is Galois. 

From Theorem 16.91 we obtain: 

Corollary 6.17. A non-degenerate codimension one foliation F on P n is 
Galois if and only if the web G*jWegF is totally decomposable. In that case, 
GyLegF is the superposition of the foliations 4>*F with 4> € Deck(^j-) C 
Bir(P n ). 

Example 6.18. Every foliation F on P n with d n -\(F) £ {1,2} is Galois 
because its Gauss map Gt induces a covering of degree d n -\{F) < 2. Notice 
that, if n > 3, there are examples of such foliations with d\(F) > 2. For 
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instance, for each v > 2 consider the exceptional foliation £ v on P 3 (cf. [3]) 
given in the affine chart (x, y, z) by the integrable 1 -form ispx v (dxAdyAdz). 
where 


S u = xd x + vydy + (1 - u + v 2 )zd z 
Xy = d x + vx u ~ 1 d y + (1 - V + v 2 )y u ~ 1 d z . 

We have that d\(£ u ) = v and diiS-v ) = v — 1. Then, foliations £2 and 
£3 are Galois but £4 is not Galois. To see the last assertion, take affine 
charts (x, y, z) and (p, q , r) of P 3 and P 3 such that the incidence variety has 
equation z = px + qy + r. The foliation £4 is given by the 1-form 

w = 52 (— x 3 z + y 4 ) dx + 13 (— xy 3 + z) dy + 4 (x ; 4 — y) dz 

and the 3-web Leg (£ 4 ) is given by the symmetric ternary form 

12 = (729 pq 3 + 28561 r 3 ) dp 3 — 2916 dp 2 dqp 2 q 2 — 79092 dp 2 drpr 2 
+ 3888 dp dq 2 p 3 q + 73008 dp dr 2 p 2 r + (-1728 p 4 + 8788 qr 3 ) dq 3 
- 18252 dq 2 drq 2 r 2 + 12636 dq dr 2 q 3 r + (-2916 q A - 22464 p 3 ) dr 3 . 


With the help of an algebraic manipulator we can check that Gg SI = 00 ■ r/ 
with rj a quadratic form that do not factorize over C (x,y,z) because the 
discriminant 27z 4 + 1024 of the restriction 

(4563 z 4 + 302848) dx 2 - 26 (27 z 4 - 7424) dz dx + (27 z 4 + 93952) dz 2 

of rj to (x, y, dy) = ( 0 , 1 , 0 ) is not a square in C (z). □ 

The following result provides a new dimensional reduction that allow us 
to exhibit examples of Galois foliations in any dimension. It will be also 
used in the last section. 

Proposition 6.19. Let T be a non-degenerate codimension one foliation 
on P n admitting a transverse infinitesimal symmetry R € X(P n ) with a 
dominant rational first integral f : P n > p n_1 whose generic fibre is irre¬ 
ducible. Then there is a dominant rational map Gt '■ P”” 1 — 4 p n_1 such 
that Deck(C/j-) and Deck(^j-) are canonically isomorphic. 

Proof. Let eft the flow of homographic transformations of P n associated to 
the vector field R and let eft be the dual flow on P” associated to the dual 
vector field R. Let (ff : V —>• V be the flow induced by PT*(f : PT*p n — > 
PT*P n via the identification V = {(p, h) € P n x P n | p G h} ~ PT*P n . The 
fact that ft € Aut(J 7 ) implies that eft preserves the graph Tj- C V C P re xP n 
of the Gauss map Gt of the foliation T. The commutativity of the lateral 
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faces of the diagram 



Since the one-dimensional foliation defined by the vector field R admits 
a dominant rational first integral / : P n --■» P n_1 whose generic fibre is 
irreducible, we deduce the existence of / : P” --■» P ^ 1 fulfilling the same 
properties for the dual vector field R. Relation (|12l) implies the existence 
of a rational map Qjr : P n_1 —-> P n_1 such that the following diagram 
commutes: 


(13) 


pr, 


Qt 


-i Qf 


1 ) 71 — 1 


Y 

3 ) 71—1 


We will finish by applying Proposition 14.111 once we check that deg Qj = 
deg Qjr, or equivalently, that the restriction of Qjr to a generic fibre of / 
is injective. To see that, fix a generic point p £ P” and assume that 
GH<t>t(p)) = Gf{p)- By (USD we deduce that f>t(G^(p)) = Grip)- Since 
Gt{p) is generic then fy = Idp™ and consequently 4 >t = Idpn. □ 


Corollary 6.20. For each n > 2 and k > 1, the codimension one foliation 
T on P n given in an affine chart (aq,..., x n ) by the polynomial first integral 

n 

F(xX n ) = 

i— 1 

is Galois with Deck(C/j-) ~ Z^ 1 . 


n 

Proof. The foliation T admits R = Xid Xi € X(P n ) as transverse infin- 

i=l 

itesimal symmetry with rational first integral / : P n P n_1 given by 
/(aq,..., x n ) = [aq,..., x n ] that satisfies the hypothesis of Proposition 16.191 

71 

Moreover, taking (y\,... ,y n ) the affine chart of P n such that x iVi = 1 

i—\ 

is an affine equation of the incidence variety V C P n x P we have that 

(x k x k \ 

Gr{xi,...,x n ) = f(yi,...,y n ) = [yi,---, 2 /n] is a rational 

71 

first integral of the dual vector field R = Vi^yt an d the rational map 

i= 1 
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Qjr : P n 1 --4 P n 1 given by Qj(\x i,..., x n ]) = [x^,..., xjj], which is clearly 
Galois with Deck(^j-) ~ Z2 —1 , makes commutative the diagram 111311 . □ 


Remark 6.21. We can write down all the elements of the group Deck(^j-) C 
Bir(P n ) as follows: 


(^1 j • • • j x n ) — 


xiC 31 E x t 

t=i 


k -\-1 


n \ 

XnC jn E x e +1 ' 


A=1 


\ f=l 


E *J +1 C* 


J £ Jn — 0. 


£=1 


7. Galois foliations on the projective plane 

The aim of this section is to study the space of Galois foliations of de¬ 
gree d on the complex projective plane. We begin by giving an algebraic 
characterization of Galois foliations based on the total decomposability of 
their dual webs. We use this criterion to exhibit some explicit examples in 
any degree. Using results of Section [5] we show that the space of degree 3 
Galois foliations has at least two irreducible components. We also provide a 
characterization of Galois foliations in terms of geometric elements naturally 
associated to them by using the main result of Subsection 14.31 We give one 
necessary and one sufficient local conditions for the Galois character of a 
foliation that become equivalent in the prime degree case. Finally we ob¬ 
tain a full characterization of homogeneous Galois foliations which implies in 
particular that the space of Galois foliations of even degree has at least two 
irreducible components. More generally we characterize Galois foliations 
with all possible continuous symmetries and we exhibit some examples. 

7.1. The space of Galois degree d foliations on P 2 . Recall that a de¬ 
gree d foliation T on P 2 is given by a 1-form on C 3 , 

u = a(x, y, z)dx + b(x, y, z)dy + c(x, y, z)dz, 

with a, b, c homogeneous polynomials of degree d+1 without common factors 
and fulfilling co(R) = ax + by + cz = 0, where R = xd x + yd y + zd z is the 
radial vector field (see for instance [H §9.1]). Thus, the space of degree d 
foliations on P 2 is a Zariski open subset of the projective space Frf := P (Ud), 
where 

(14) U d ■■= {( a,b,c ) € C d+ i[x,y,z] m \ax + by + cz = 0} 

and C d[x,y,z\ is the vector space of degree d homogeneous polynomials in 
x, y, z. For practical purposes it will be convenient to define foliation T in 
an affine chart (x, y) of P 2 by a polynomial vector field 

(15) X = A(x,y)d x + B(x,y)d y = d(x,y)d x + b(x,y)d y + c(x,y)(xd x + yd y ) 

with a,b,c € C [x,y\, deg a, deg b < d and c homogeneous of degree d. The 
vector field X is said saturated if gcd(7l,R) = 1. This condition jointly 
with max(degj4, deg B) > d is equivalent to the condition gcd(a, b, c) = 1 
defining F^. We consider the Gauss map Qj : P 2 ---> P 2 of T which is 
written as 

Gr{\x, y, z]) = [a(x, y, z), b(x, y, z),c(x, y, z)} 
in homogeneous coordinates. 
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We can consider the family of dominant rational maps of constant topo¬ 
logical degree d 

5:P 2 xF, —► P 2 x F d , G(p,F) := {Grip), F), 

over the Zariski open subset F^ of the projective space F^. By applying 
Theorem 15.61 we deduce that the subset Gd := Gal(F<f) of F^ consisting of 
degree d Galois foliations on P 2 is Zariski closed. 


Question 7.1. What are the number and type of the irreducible components 
of the Zariski closed subset G^ C F^ of degree d Galois foliations on P 2 ? 


Notice that according to Theorems 15.41 and 15.61 the weighted branching 
type bj: and the genus gj- of Gt are generically constant and the Galois 
group Deck(t/j-) is constant along each irreducible component of G^. 


7.2. Examples of Galois foliations on P 2 . We begin this section by 
noticing that Corollary 16.171 on P 2 implies the following computational cri¬ 
terion already considered in [7] for the degree 3 case (cf. Proposition 5.2 
loc. cit.): 


Proposition 7.2. A foliation F on P 2 given by the polynomial vector field 
X = A(x,y)d x + B(x,y)d y is Galois if and only if the polynomial 
(16) 


P(x, y, t) = det 


A(x,y) A(x + tA(x,y),y + tB(x, y)) 
B{x,y) B(x + tA(x,y),y + tB(x,y)) 


G C [x,y,t\ 


decomposes totally over the field C (x,y). In fact, each one of its rational 
roots t = t(x, y) G C(x, y) determines a birational deck transformation ofGp: 


(x, y) i-a (x + t{x, y)A(x, y),y + t{x, y)B{x , y)). 


In particular, if deg F = 3 then F is Galois if and only if the t-discriminant 
of the polynomial P(x,y,t)/t of degree 2 in t is a square in C [x,y\. 


Before going further with Question 17.11 let us present some explicit exam¬ 
ples. The following result provides continuous families Ed of Galois folia¬ 
tions in each degree d, and all of them have cyclic monodromy group after 
Corollary 14.131 It would be interesting to decide if Ed forms an irreducible 
component of G^. It is worth to notice that E% contains as particular cases 
all the examples considered in [7j. 


Proposition 7.3. For all linearly independent vectors ( 0 , 7 , A), (/ 3,6, n ) € 
C 3 and every C-linearly independent u, v € C [x,y] with deg u, deg v < 1, the 
degree d foliation F defined by the saturated vector field 

(< au d + /3v d )d x + (7 u d + 5v d )d y + (A u d + yv d )(xd x + yd y ) 

is Galois with extremal weighted branching type = 2 (d) 1 and genus gj- = 0. 

Proof. The slope of T takes the form p(x, y) = S(A+tf ) ’ with w = £■ 

The roots of polynomial (flUl) for the vector field X = d x +p(x, y)d y are the 
solutions of the equation p(x + t,y + tp(x,y )) = p(x,y), which reduces to 
w(x + t, y + tp(x, y)) d = w(x,y) d . Using that deg u, deg v < 1, the last 
equation factorizes as the following d linear equations in the variable t: 

(17) w(x + t, y + tp(x, y)) = ( k iu(x, y) with f = e~ and ke d}. 
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Let p = (a, b) G C 2 C IP 2 be a generic point so that its dual line f=pCP 2 
belongs to the Zariski open subset V considered in Theorem 14. 101 Then the 
curve P = (T) C P 2 has affine equation 

\ x — a (aA + 3B)(u,v) + x(XA + pB)(u,v) 

F M’-= y-b (■ yA+SB)(u,v) + y(\A + yB)(u,v ) = °' 


where A(x,y ) = x d and B(x,y) = y d . Since u and v are C-linearly in¬ 
dependent polynomials of degree < 1, from the equation ^ = w G P 1 
we can express either y = yo(w) + y\(w)x or x = xq(w) + x\(w)y, with 
Xi(w),yi(w) € C(w). Without loss of generality we can assume that we are 
in the first situation. From equation F(x,yo(w) + y\(w)x ) = 0 we obtain an 
explicit rational parametrization ir : P 1 -A P given by 


x(w) 


((AA + pB) a + aA + (3B) j/o + ( 7^4 + SB) a + (—aA — /3B) b 
— ((AA + pB) a + aA + (3B) y\ + (AA + pB) b + (qA + SB) 


(!,«)) 


y(w) = y 0 (w) + yi(w)x(w). 


On the other hand, the pencil p = l of lines through p can be parametrized 
by t € P 1 by means of = t- By composing Q\ P : P -A t to the left 
by 7 r : P 1 —>• P and to the right with the inverse of P 1 -A i we obtain the 
rational map P 1 -A P 1 given by w ^ » which is ri S ht 

equivalent to the Galois rational map w eA = w d because 


(7 + bX) (P + ap) — (5 + bp) (a + aA) 


a 7 A 
P 5 p 
a b — 1 


^0 


if (a, b) € C 2 is generic. Hence b p = 2(d) 1 and gjr = g(P) =0. □ 


Example 7.4. The degree 3 foliation P given by the vector held 

xyd x + (C y 2 + x 3 )d y , with C = 1 —p— ’ 

is Galois with extremal weighted branching type bj- = 3(3)i and genus 
= 1. Indeed, the f-discriminant —C t x 2 y 2 (y 2 — x 3 ) 2 ((( — 1 )y 2 + x 3 ) 2 of the 
polynomial P(x,y,t)/t considered in Proposition 17.21 is a square in C [x,y]. 
Hence P is Galois of extremal type bjr = c(3)i because deg P = 3 is prime. 
On the other hand, if p = (a, b) € C 2 C P 2 and i = p cr are generic then 
the curve G^ 1 ^) is irreducible, has affine equation (x — a)(Qy 2 + x 3 ) — (y — 
b)xy = 0 and its geometric genus is gjr = 1. We conclude that c = 3 by 
using Example 14.171 □ 


Proposition 7.5. The Zariski closed set G 3 of degree 3 Galois foliations 
is reducible. More precisely, let Co be an irreducible component of G 3 con¬ 
taining the family E 3 C G 3 of genus zero Galois foliations given in Proposi¬ 
tion 1 7. 71 for d = 3 and let C\ be an irreducible component of G 3 containing 
the degree 3 and genus one Galois foliation P\ considered in Example \ 7.f\ 
Then Cq / C±. 

Before proving it let us make some previous considerations. Recall that 
the vector space U 3 defined in (|14l) is isomorphic to the space of vector 
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fields (11511 . If X is such a vector field we will denote [X] £ F 3 the foliation 
defined by X. In order to estimate the dimension of G3 we can compute an 
upper bound of the dimension of the tangent space of O3 at a point [X] € G3. 
To do that, we note that G3 coincides with the set of foliations [X] £ F3 
such that the /-discriminant Ax = a| — 4aia3 € C[x,y] of the polynomial 
Px(x,y,t)/t £ C [x,y,t] considered in (fT6l) . is a square, i.e. Ax = with 
5 X G C [x,y\. 


Lemma 7.6. If [X] £ G3 then TjxjPa = C/3/ (X) and 


T[x]G 3 C {YeU 3 \ 5 x divides 


£=o (Ax +£ y)GC [x,y\}/{X). 


Proof. Let V m denote the space of polynomials in C [x,y\ of degree < m. 
Writing Px = a\t + + a%t 3 , it is easy to check that a\ £ Vy, 02 £ V12 

and 03 £ V15, so that Ax G V24. The map s : V12 —>• V24 given by <5 1—>• A 2 
induces a morphism s : P(Vi2) —>• P(V24) whose image S is Zariski closed. 
Then the preimage S' of S' in V24 is also Zariski closed. Let fi,---,fk be 
generators of the ideal /(S'). Then /1 o A, ...,/& o A is a system of equations 
defining the preimage G3 of G3 in C/3. Although we do not know whether 
fi o A generate the ideal /(G3), we have 


i =1 


T X G S C f| ker d(fi o A)x = {y £ C/ 3 ~jZ | _ 0 ^a+ £ y G p|ker(d/)) Ax } 


de 


2=1 


Consider A = <5 2 £ S \ {0} C V 24 with 6 £ V 12 \ {0} and T £ T A V 24 = V 24 . 
Since, for 7 £ T$V 12 = V 12 , ds, 5 ( 7 ) = 2^7 / 0 if 7 / 0, it follows that S\ {0} 
is smooth and consequently T A S = Im/s^. Hence T £ T A S if and only 
if 5 divides T. We conclude by taking the quotient by the 1-dimensional 
subspace (X) of TxG 3 . □ 


Proof of Proposition \ 7. 5\ By means of Lemma [7.61 and an explicit computa¬ 
tion carried out with maple we deduce that dim 2/7 G 3 < 9 and consequently 
dim Ci < 9. On the other hand, the family E C F3 given in Proposi¬ 
tion [T73] for d = 3 is the image of an explicit morphism ^ : T C P 11 ->• F 3 . 
It can be checked that the rank of d(p at the point [a, (5, 7 , 5, A, p, u, v] = 
[1, 0,0,1,0, 0, x, y] is 9 and consequently dim// > 9. Theorem 15.61 implies 
that E\ := {P £ Ci | flx = 0} is a proper Zariski closed subset of Ci. If 
Co = Ci then 9 < dinrC < dim Co = dim Cl < 9 contradicting that E is 
contained in the proper Zariski closed set E\. □ 


7.3. Geometric characterization. We address now the question of char¬ 
acterizing Galois foliations on P 2 in terms of geometric elements naturally 
associated to the foliation. Thanks to Theorem 14.121 we know that a folia¬ 
tion T on P 2 is Galois if and only if its associated Gauss map Q: P 2 ---> P 2 
is of regular type. We proceed as in subsection 13.21 and we consider a desin- 
gularization Q: P 2 —>• P 2 of Q by blowing up /? : P 2 —> P 2 the singular locus 
T,jr of the foliation which coincides with the indeterminacy locus of Q. Ac¬ 
cording to formulae (| 6 |) and (f7j). the birational type of the ramification locus 
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7 Zg C P 2 and the curve 

Aj- := g(K § ) C P 2 

do not depend on the choice of the desingularization Q. For each g > 1 we 
consider the union 1Z ~ of the components of 7 Zg having ramification index g. 

In order to describe geometrically the components of IZg that are not 
included in the exceptional divisor £ = X g of (3 we proceed as follows. Let 
Xjr be the inflection locus of the foliation T introduced in [23]]. It is the 
closure of the set of points in P 2 \ Ej- where the leaves of T have a contact 
of order greater than one with its tangent line. If J- is defined by a vector 
field X = A(x,y)d x + B(x,y)d y in an affine chart ( x,y) then 


(18) 


f{x,y) 


A(x,y) B{x,y) 
X(A(x,y)) X(B(x,y)) 


is an affine equation for Xj. This local description gives Xj a natural struc¬ 
ture of divisor (cf. [El])- We can decompose Xj = Z“ v + dff , where the 
support of Z“ v consists in the union of the invariant lines of J- (which are 
collapsed by Q) and the support of Xff is the closure of the inflection points 
that are isolated along the leaves of T. For each g > 1 we consider the 
reduced (maybe empty) curves X e -p C P 2 defined by the equality of divisors 

z| r = £> - 1)ZJ. 

e>i 


The number g in X‘j is the tangency order between the leaf of T through a 
generic point p of X Q -p and its tangent line t = T V T that is the number of 
simple tangencies bifurcating from p when one perturbs t. 


Lemma 7.7. For each g > 1 we have f3(7Z~\£) = ZjP 

Proof. Since /3 is an isomorphism outside £, the ramification index g of Q 

at a generic point p of 7Z~ is just the number of local preimages G~ l (q') by 

Q ~ 

Q collapsing to f3(p ) € f7 _1 ((?) as q' —>• q := G(p), that is, the number of 
tangency points of order one collapsing to /3(p). □ 


Now we deal with the ramification components contained in the excep¬ 
tional divisor £. For each s € T,jr we set £ s = /3 -1 (s) and we note that 
G(£ s ) = s C P 2 is the dual line of s € P 2 . We denote Tf om (resp. £™ m ) the 
union of irreducible components D of £ s such that 5d '■= deg(^| B ) > 0 (resp. 
with ramification index go > 1). We also set := {s € | T™™ / 0}. 

We notice that £f om ^ 0 and that Tf am C £f om . For each g > 1 let us 
consider the subset C E^ m of those singularities s of J- such that each 
irreducible component of T^ om have the same ramification index g. 

The geometric characterization of Galois foliations is given by the follow¬ 
ing statement. 

Theorem 7.8. A degree d > 0 foliation T on P 2 is Galois if for each 
p € Ajr\Sing(Aj-) there is g\d, g > 1 such that Tang (X,p) C (Zj-\E_f)UEj-. 

The proof will show that it suffices to test the above condition for one 
generic point p of each irreducible component of A jr c P 2 . 
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Proof. Let p : N —>• P 2 be the branched covering associated to G by Propo¬ 
sition E3 and recall that Ajr = G(lZg) = A p C P 2 , see formula ©• Thanks 
to Theorem 14.101 we can choose a Aj--admisible line £ C P 2 and consider 
the one-dimensional branched covering pp : Np = p~ l {£) —>• £. From Corol¬ 
lary 14.151 we deduce that F is Galois if and only if pp is of regular type. 
Moreover, the restriction Gp of G to G~^{£) C P 2 is a branched covering 
isomorphic to pp. Since Ag = Ajr n £, by Proposition 14.61 we deduce that 

Gp is of regular type if and only if for each p € Ajr n £ the ramification 
indices of all the preimages of p by Q are equal, say to g > 1 , but this is 
equivalent to the fact that Tang(J 7 , p) = P(G" 1 (p)) C (ZJ-\Ej-)UEj- thanks 
to Lemma o □ 

Finally we want to give a geometric characterization of the sets T e -p. To 
this purpose, we introduce a last geometric ingredient: the polar curve of F 
with respect to a point p € P 2 , which is defined as G~ 1 (p) = Tang(J r , R p ), 
where R p is the radial vector field centered at p. We consider the following 
definition. 

Definition 7.9. Let F be a foliation on P 2 and let s € Sj- be a singular 
point. We define 

(a) the vanishing order of F at s as 

v s := min{fc > 1 : JgX fz. 0 j 

and the tangency order of F at s as 

t s := rnin{/c > v s : det( JgX, R s ) / 0}, 

where X is a saturated vector field defining F, J^X is its k-jet at s and 
R s is the radial vector field centered at s; 

(b) the characteristic order of F at s as 

Xs ■= r s //3 s € Q> 0 , 

where j3 s is the number of branches at s of a generic polar curve of F. 

Notice that for each s € Tjr we have 1 < j3 s < v s < t s < d = degJ 7 so 
that Xs A 1- This arithmetical invariant of the singularities is related with 
the subsets Sj- by the following result. 

Lemma 7.10. Let F be a degree d foliation on P 2 and fix s € Tj. Then 

(i) Xs > 1 s € and Y $dPd = r s , 

Dc£j* om 

(ii) s € Sj- =4- Xs = Q and s € Sjr 44 Xs = d, 

(in) = T,jr 44 Xs £ ( 1 ) d} for all s 6 Ejf. 

(iv)T(f m = U T^^xs GN and X s\d for all s^Tj. 

Kg\d 

Proof, (i) If q € s C P 2 is generic then £ s n G~ 1 {q) = {pi, • • • ,Pp 3 } and each 
point pi has a ramification index gp > 1 satisfying the relation Yi=i 6i = T s- 
Hence j3 s = t s if and only if s ^ E™ m . Moreover, for each irreducible 
component D of £)? om all the points of G(jj(q) = {Ph, ■ ■ ■ -,Pis D } share the 

same ramification index gj>. (ii) If s € Sj- then Qi = g for i = 1 ,/3 s 
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and consequently g(3 s = t s . The converse is also true for g = d because 
necessarily j3 s = 1 in that case. Assertions (iii) and (iv) follow by (i) and (ii). 

□ 

We can not expect to obtain a fully characterization of Galois foliations 
only in local terms as it is explained in Remark 14.21 Nevertheless from 
Theorem 17.81 and Lemma 17.101 we can deduce different conditions that are 
necessary or sufficient, using only purely local arithmetic invariants, and 
which become equivalent in the case of prime degree: 

Theorem 7.11. Let T be a degree d > 0 foliation on P 2 and consider the 
following assertions: 

(1) Qjr has extremal type, or equivalently, iff = (d — 1)1j? and = E^- 

(2) T is Galois; 

(3) 1 f = YXq - 1 ) 1 % and E™ m = \J E^; 

e\d i<e|d 

(4) Iff = Jf({? ~ 1)1 j an d Xs € N divides d for each s € Ejr. 

e\d 

Then (1) => (2) =>■ (3) => (4). Moreover, (4) =>■ (1) when d is prime. 

The following example is an application of the above theorem. 

Example 7.12. Let J~ be the degree 3 foliation given by the vector field 

x 3 

(y + x 2 )d x - —dy. 

Using formula (fTHjl . it can be easily checked that iff = {x 2 (3y + 2x 2 ) 2 = 0}. 
On the other hand, we have that Ej- = {si = [0, 0, 1 ],S 2 = [0,1,0]} and 
it can be checked that Xs t = 1 for i = 1,2. By applying Theorem 17.111 we 
deduce that T is Galois of extremal type. Since Q maps x = 0 into p = 0 
and 3y + 2x 2 = 0 into 3 q—p 2 = 0, its weighted branching type is = 3(3)i, 
so that the genus of its generic polar is = 1 . □ 

Remark 7.13. Let T be a Galois foliation of degree 3 and genus = 1. 
For each generic t € P 2 the dimensional reduction branched covering Qf : 
Xu := Q~ X (JL) V Q^(l) -A l ~ P 1 is Galois with source an elliptic curve. 
Then Deck(^) does not contain any element of Auto(W) — Xu acting on Xu 
by translations because the ramification locus must remain fixed. Hence for 
all l the elliptic curve Xi is hexagonal and its j-invariant is constant equal to 
zero. In particular, we obtain the isotriviality of the polars in Examples 17.41 
and m!Zl 

Remark 7.14. If T is a degree d > 3 Galois foliation on P 2 whose Gauss 
map is of extremal type then IfT 0 when d 4. Indeed, if = 0 then 
1? = (d — 1)1 j, which implies that 3 d = (d — 1 )k and (k, 3) = £(d, d — 1) 
for some l € Z, because gcd(d, d — 1) = 1. Hence £ = 1 and d = 4. 

The Galois character of a foliation is encoded in the sets l x f£ and E^ m . 
The following example shows that the two elements are relevant. 

Example 7.15. The degree 4 foliation T given by the vector field 
(: V 2 + x 3 )xd x + (^y 2 + 4x 3 )C yd y , ( = 2 ± iV 2 , 
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is not Galois because it has Iff = 3Zjr, s = (0,0) € T,jr and 2 = j3 s < v s = 
t s = 3 so that Xs = f ^ hi- □ 

A natural class of foliations to study is that of convex foliations, that is 
those for which iff = 0. In that case we have: 

Lemma 7.16. If F is a degree d convex Galois foliation then t s = d for 
each s € E^ m . 

Proof. We can choose a line f C P 2 such that £ n = {s}. By Theo¬ 
rem [721 Tangp 7 , £) C n£ = {s} and consequently t s = d. □ 

Example 7.17. A class of convex foliations are those for which Ij- = lff v 
is reduced. In m the authors study some of them that we list here: 

(i) The infinite family of Fermat foliations defined by the vector fields 
(: x d — ex)d x + ( y d — ey)d y with e / 0 and d > 3. 

(ii) The degree 4 Hessian pencil of cubics H 4 given by the rational first 
integrai 

(iii) The degree 5 Hilbert modular foliation H 5 given by the vector field 
(x 2 - l)(x 2 - (V5-2) 2 )(x +V5 y)d x + (y 2 - l)(y 2 - (y/E - 2) 2 )(y + VEx)d y . 

(iv) The degree 7 foliation H 7 invariant by the Hessian group given by the 
vector field 

(x 3 - l)(x 3 + 7 y 3 + l)xd x + ( y 3 - l)(y 3 + 7x 3 + 1 )yd y . 

All these foliations have (radial) singularities s € Hj- with u s < t s < deg T. 
Hence \s > 1 an d s € H™ m . By Lemma 17.171 none of these foliations 
is Galois. However, the degenerations x d d x + y d d y of Fermat foliations, 
obtained by taking e = 0, are convex and Galois, as we have seen in Propo¬ 
sition 17.31 □ 


7.4. Homogeneous Galois foliations and their deformations. In [7] 

the authors are interested in describing the algebraic set G 3 of degree three 
Galois foliations. Due to the difficulty of problem in its full generality, they 
focus on the homogeneous case, for which they dispose of a particularly 
simple generic normal form depending only on 4 complex parameters: 


(19) 


T 
j ( 


a;A ,fL,u 


dx x dy dy — dx dy — adx 

-b A-1- /i -1- v - 

x y y — x y — ax 


= 0 , 


with \y,v(l + A + n + v)a(a. — 1) / 0. They prove some partial results about 
the subset of (a; A, y, u) € C 4 such that the foliation F a ^\ illyV is Galois. This 
subsection is devoted to describe completely the set of homogeneous Galois 
foliations of arbitrary degree as well as its geometry. 


Let Hd be the set of degree d homogeneous foliations given by satu¬ 
rated vector fields A{x,y)d x + B(x,y)d y . It is the Zariski open subset of 
P(C d[x,y\® 2 ) — P 2d+1 considered in Example 15.51 The left-right actions 
of PSL 2 (C) on the set of rational functions induce a natural action tp of 
PSL 2 (C) x PSL 2 (C) on by means of 

[/%L [2^1! A 2 ]) = [fillAf + ^12-42)^21-4“ + faAff 
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where 

Af(x, y) = Ai(aux + ai 2 y, a 2 ix + a 22 y). 

Theorem 7.18. The irreducible components of the Zariski closed subset 
Gal(Hrf) = Md n Gd ofWd are smooth unirational varieties which consist of 
the orbits by <p : PSL 2 (C) x PSL 2 (C) x of the foliations 

(1) x d d x + y d d y for every d, 

(2) ( x n + y n ) 2 d x + (x n — y n ) 2 d y if d = 2n is even, 

(3) (x 4 + 2iy/3x 2 y 2 + y 4 ) 3 d x + (x 4 — 2i\^3x 2 y 2 + y 4 ) 3 d y if d = 12, 

(4) (x 8 + 14 x 4 y 4 + y 8 ) 3 d x + ( xy(x 4 - y 4 )) A d y if d = 24, 

(5) (x 20 -22Sx 15 y 5 +494:X 10 y 10 +228x 5 y 15 +y 20 ) 3 d x +(xy(x 10 +llx !i y !i -y 10 )) !i dy if d = 60. 
The first one is 5-dimensional and the rest are 6-dimensional. Each irre¬ 
ducible component corresponds to a different Galois group: cyclic, dihedral, 
tetrahedral, octahedral and icosahedral. 

Proof. Since every homogeneous foliation T ££ [A, B] £ on P 2 is in¬ 
variant by homotheties we can apply Proposition 16.191 to deduce that T is 
Galois if and only if Qj = [A, T?] : IP 1 —A P 1 is Galois. By Theorem 14.181 
[A, B] is Galois if and only if it is LR-equivalent to one of the five stated 
models. Finally, the LR-equivalence in Qj translates to the action on H^. 
Since the group G = PSL 2 (C) x PSL 2 (C) is an irreducible rational quasi- 
projective variety, we deduce that its orbits on which are isomorphic 
to G/H, where H is the corresponding isotropy subgroup of G , are smooth 
unirational varieties. The assertion about the dimension in (1) follows from 
an explicit computation of the differential of the map fy], [x d , y d ]) at 

the identity, which is 

[(/3n + a u d)x d + x d ~ 1 yot\ 2 d + /3 12 y d , (3 21 x d + y d ~ l xa 2 id + (f3 22 + a 22 d)y d ]. 

Its kernel is a 1-dimensional subspace of sl 2 (C) x 512 (C). Analogous compu¬ 
tations can be made in the cases (2)-(5). □ 

From Theorems 17.181 and 15.61 we deduce the following result: 

Corollary 7.19. The Zariski closed subset G 2n of F 2 n has at least two 
disjoint irreducible components and G 12 , C 24 and Ggo have at least three 
disjoint irreducible components. 


Notice that, for each degree d, the first component of n G^ considered 
in the above Theorem consists of the homogeneous foliations appearing in 
Proposition 17.31 In addition, we can write the deck transformations of Q in 
terms of r(z) £ Deck(B(l, z)/A( 1, z)) C PSL 2 (C) in the following way 


( 20 ) 


r(x,y) 


A(x,y)y - B(x,y)x . _ . .. 
A{x, y)f{y/x) - B(x, y) lT y x 


The classification of homogeneous Galois foliations given by Theorem l7.18l 
can be used to obtain a negative test for proving that a given foliation on P 2 
is not Galois. It also provides (see Proposition 17.201 below) restrictions to 
either the type of the singularities of Galois foliations or the finite subgroups 
of Bir(P 2 ) that can occur as Galois groups of foliations on P 2 . For a general 
account on the finite subgroups of Bir(P 2 ) we refer to m- Notice that 
Theorem 12.121 asserts that every finite group G occurs as the Galois group 
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of a Galois branched covering / : X Y but it does not give any indication 
about those that can be realized with rational total space X. 

Let J be a foliation on P 2 , for each singularity s € Xj- and each F- 
invariant line i C Z“ v we consider the homogeneous foliations F s and Fg 
defined respectively by: 

• F s is the saturation of the first non-zero jet of a vector field defining F 
at s, 

• Fg is the saturation of the top degree homogeneous part of a vector held 
defining F in the affine chart P 2 \ l. 

Notice F s and Fg are homogeneous foliations on P 2 . Therefore, if they are 
Galois their deck transformation group are of Klein type, that is, appearing 
in the list given in Theorem 14. 181 The relation between the foliations F , F s 
and Fg is given by the following statement. 

Proposition 7.20. Let F be a Galois foliation on P 2 . For each s € Xj- and 
i C ZjF we have that 

(1) if deg F s > 0 the homogeneous foliation F s is Galois; moreover if the 
exceptional divisor D s obtained blowing up once the point s is not a 
ramification component, then the Klein type deck transformation group 
of F s injects into the deck transformation group of F; 

(2) if deg Fg = degj 7 then the homogeneous foliation Fg is also Galois. 

Proof. We obtain assertion (1) by applying Proposition l2.4l to the irreducible 
component D s C £/ _ 1 (s) C P 2 and noting that the restrictions of Q = Qj 
and Qj s to D s C P 2 coincide. Assertion (2) follows from the fact that G d 
is closed by noting that Fg = lim KF, where h £ € PSL 3 (C) is given by 

e—>-00 

h e (x, y) = ( ex , ey) in the affine chart P 2 \ t. □ 

Motivated by Theorem 17.181 and Proposition 1 7.3 1 we consider the following 
family of deformations of a homogeneous foliation. 

Definition 7.21. Let F € be a homogeneous foliation given by a sat¬ 
urated homogeneous vector field X = A(x,y)d x + B(x,y)d y . For every C- 
linearly independent polynomials u, v € C[x, y] of degrees < 1 , and every lin¬ 
early independent vectors (a, 7 , A), (j3, 5, pf) € C 3 we consider the extended 
left-right deformation (ELR in short) of F as the family of foliations given 
by the vector fields 

(aA + j3B)(u,v)d x + (7 A + 5B)(u,v)d y + (A A + /j,B)(u,v)(xd x + yd v ). 

The proof of Proposition 17.31 shows that if F is a Galois homogeneous 
foliation then every element of its ELR-deformation is Galois with the same 
weighted branching type as F. The family of vector fields considered in 
Proposition 17.31 consists in the ELR-deformation of the homogeneous Galois 
foliation defined by x d d x + y d d y . One can also made explicit the ELR- 
deformation of each homogeneous Galois foliation given in Theorem 17.181 
obtaining, by using formula ( 1201 ) , explicit continuous deformations of faithful 
representations of the triangular groups C n , D n , A 4 , S 4 and A 5 into the 
Cremona group Bir(P 2 ), whose images are not contained in PSL 3 (C). 
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Example 7.22. The above considerations applied to the homogeneous fo¬ 
liation given by the vector field A(x,y)d x + B(x,y)d y with 

A(x, y) = (x 4 + 2iV3x 2 y 2 + y 4 ) 3 and B(x, y) = (x 4 — 2iV3x 2 y 2 + y 4 ) 3 

allows to embed its Galois group A 4 = (a, r \ a 2 = r 3 = (err ) 3 = 1) into the 
Cremona group Bir(P 2 ) by means of a(x,y) = (—x,y) and 

(aA + (3B)y — ( 7 A + 5B)x 


r(x,y) = 


where 


a /3 

7 5 


(■aA + (3B)(y + ix) — (7 A + 5B)(y — ix] 
£ PSL 2 (C). 


(y — ix,y + ix ), 


□ 


Remark 7.23. Every homogeneous foliations admits the infinitesimal sym¬ 
metry R = xd x + yd y but the general element of its ELR-deformation does 
not admit R as infinitesimal symmetry any more. However, it can be checked 
that the set of all ELR-deformations of every homogeneous foliation contains 
the special subsets: 

(a) {P(y)dy + Q(y)(xd x + yd y ) \P,Q £ C[y]}, obtained by taking u,v € C[y] 
and a = (3 = 0 and admitting the infinitesimal symmetry xd x , 

(b) {P(y)d x + Q(y){xd x + yd y ) \P,Q £ C[y], obtained by taking u,v £ C[y] 
and 7 = <5 = 0 and admitting the infinitesimal symmetry yd x . 


7.5. Foliations with continuous automorphism group. A natural class 
of foliations on P 2 including homogeneous foliations is that of foliations T 
with a continuous group of automorphisms Aut(J r ) C PSL^C). After giving 
a classification of foliations in that class we establish a general criterion to 
decide whether they are Galois in terms of a suitable rational map P 1 —> P 1 . 

Taking into account that every foliation of degree 1 or 2 is Galois, we can 
assume that T has degree > 3. Let R £ Lie(Aut(J 7 )) C X(P 2 ) ~ 513 (C) be a 
non-trivial infinitesimal automorphism of T. There are four possible Jordan 
form types for the traceless matrix associated to R: 


(a) 



0 

P 

0 

1 

0 

0 


I ) 

— (a + (3) ) 


(b) 

(d) 


(0 1 
0 0 
\ 0 0 

1 1 
0 1 
0 0 



In a suitable affine chart (x, y) the corresponding vector field R takes one of 
the following normal forms: 

(a) R = axd x + (3yd y with a £ C* and (3 £ C and R e(j3/a) > 0, 

(b) R = yd x , 

(c) R = yd x + d y , 

(d) R = (x + y)d x + ydy. 

Let X = A(x,y)d x + B(x,y)d y be a saturated polynomial vector field 
defining T. The fact that R £ Lie(Aut(J 7 )) translates into the relation 


( 21 ) 


L R X = eX 1 


for some rational function e £ C (x,y). Since the poles of e are contained in 
the zeroes of the coefficients of X and that vector field is saturated we see 
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that e E C[x,y\. Finally, using that deg R = 1 we deduce that e must be 
constant. The following result describes the foliations of degree > 2 having 
a continuous automorphism group. 

Proposition 7.24. Let X = A(x,y)d x +B(x,y)d y be a saturated polynomial 
vector field of degree > 2 satisfying LrX = eX for some R E X(P 2 ) in the 
precedent list (a)-(d) of normal forms and for e E C. 

(a) If R = axd x +fiydy then (3/a E Q, so that we can assume that a, [3 E Z+ 
are coprime, £ E TLa + Z/3 and 

A(x,y) = ^2 a ij x% V j and B(x,y)= ^ b ij x l y j 

ori+/3j=£+a ai+/3j=£+/3 

are quasi-homogenous polynomials of weights (a,/3). 

(b) If R = yd x then £ = 0 and X = P{y)d x + Q(y)(xd x + yd y ) for some 
coprime polynomials P,Q E C[y]. 

(c) If R = yd x + d y then e = 0 and X = P(y 2 — 2x)(yd x + d y ) + Q(y 2 — 2x)d x 
for some coprime polynomials P,Q E C [z\. 

In addition, 

(d) if R = (x + y)d x + yd y , relation LrX = eX does not hold for any 
saturated polynomial vector field X of degree > 2. 

Proof, (a) Writing A = aijX l yi and B = ^ bijX l yfi if LrX = £X then 

aij{od + fij -a- £)x l y j ^j d x + hfiai + fij - (3 - £)x l y j ^j d y = 0, 

leading to the claimed form of A and B. It is not difficult to see that if 
/3/a fL Q and degX > 2 then X cannot be saturated. 

(b) If R = yd x then LrX — eX = ( yd x A — B — £A)d x + ( yd x B — £B)d y = 0 

ex _ _ 

implies that B = e® Q{y) € C [x,y\. Hence e = 0 and B = Q E C[y]. 
From the 5 x -conrponent of LrX — £X = 0 we obtain that A = _p 
P(y) € C [x,y\. Thus, Q{y) = yQ{y) for some Q E C [y\. 

(c) If R = yd x + d y then 

LrX — eX = ( yd x A + d y A — B — £A)d y + ( yd x B + d y B — £B)d y = 0 

implies that B = e £y P(y 2 — 2x) and necessarily e = 0. From the d x - 
component of LrX — eX = 0 we obtain that A(x,y) = yP(y — x 2 ) + 
Q(y 2 — x) for some polynomials P,Q& C[z]. 

(d) If R = (x + y)d x + yd y and X = i] n > 0 X n with X n = A n d x + B n d y 
homogeneous of degree n, then the degree n homogeneous part of LrX— 
£X is 

0 = LjiX n — £X n = ((x + y)d x A n + yd y A n — (e + 1 )A n — B n )d x + 

((x + y)d x B n + yd y B n - (e + l)B n )d y 
= ( yd x A n - (e + 1 - n)A n - B n )d x + ( yd x B n - (e + 1 - n)B n )d y . 

As before, looking at the ^-component we deduce that if B n 0 then 

(e+1 — n)x 

B n = e v Q(y) € C[x,y]. Hence e = n — 1 and B{y) = Q(y) = qy n 
for some q € C. Substituting B in the ^-component of LrX u — £X n we 
easily deduce that A(x,y) = qxy n ^ 1 + py n for some p E C. Since there 
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is at most one n € Z + such that e = n — 1, we deduce that X = X n = 
y n ~ l {{py + qx)d x + qydy ) is not saturated because degX = n > 2 . 

□ 


Proposition 7.25. To every foliation F onP 2 admitting a continuous group 
of automorphisms we can associate a non-constant morphism Q : P 1 —>• P 1 
so that Deck(C?) ~ Deck(C/). In particular, IF is Galois 4=> Q is Galois. 

Proof. In cases (a), (b) and (c) the foliations defined by the vector fields R 
and its dual R admit explicit primitive rational first integrals 

p : P 2 P 1 and p : P 2 —> P 1 

respectively, and rational sections 

a : P 1 —» P 2 and a : P 1 —» P 2 


such that poo = poa = Idpi. It can be easily checked that, in the affine 
charts considered above, these maps are given by 

(a) p(x,y) = y a /xP, a(z) = (z 7 ,^), p(a,b ) = b a /a P and a(z) = (z 7 ,^), 
where 7 , 5 € Z satisfy Bezout’s relation a5 — /3y = 1, 

(b) p(x, y) = y, a(z) = ( 0 , z), p(a, b) = a and a(z) = (z, 0 ), 

(c) p(x, y) = y 2 - 2x, a(z) = (- z/2 , 0), p(a, b) = and a(z) = (2 /z , 0). 
Moreover, the Gauss map of the foliation given by the vector field A(x, y)d x + 
B(x,y)d y is written as 

G{x, y) = ( V ) , V \ \ , with C(x,y) = yA(x,y) - xB(x,y). 

\ C(x,y) C(x, y)) 


Thus we obtain explicit expressions for the map Q = po Q o a :P X - 
' ( a ) 6(z) = A(z 7 , z s ) a (-B(z 7 , /))- /3 C(z 7 , 

( 22 ) < (b) 

. (c) £0) = 


P 1 : 


— £7(0,2) ~ * 


_ Q(z ) 2 — zP(z ) 2 _ 

P(ip “ 


Q(z) 

P(z) 


- z. 


where ^4, B take the form given by Proposition 17.241 in each case. Conse¬ 
quently, we can apply Proposition 16.19l in order to conclude. □ 


Notice that all Galois foliations of this type have Galois group appearing in 
Klein’s classification given by Theorem 14.181 This fact and Proposition 17.201 
motivate the following natural question: 

Question 7.26. Are there Galois foliations on P 2 whose Galois group is 
not of Klein type? 

Remark 7.27. If we set a = (3 = 1 in case (a), we obtain the class of homo¬ 
geneous foliations studied in Subsection [731 For every coprime homogeneous 
polynomials A, B in two variables of the same degree, the homogeneous and 
type (b) foliations on P 2 given respectively by the vector fields 

A(x,y)d x + B(x,y)d y and A(l, y)d x - B(l, y)(xd x + yd y ) 

satisfy that the map Q induced by their Gauss map is Q = [A, B] : P 1 — > P 1 . 
Moreover, in the homogeneous case we have Q = [A, B] = G\d 0 i where Do 
is the exceptional divisor obtained after blowing up once the origin, and we 
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recover Theorem l7.18l in an alternative way. As we have already pointed out 
in Remark r7.23l cases (a) with [3 = 0 and (b) can be thought as degenerations 
of homogeneous foliations. 

Despite the criterion provided by Proposition 17.251 for deciding whether 
a foliation with an infinitesimal symmetry is Galois and the explicit form 
of the rational map Q given in (1221) . it is not easy to find new examples of 
Galois foliations admitting such a symmetry. This is due to the difficulty 
of recovering the coefficients A and B based only on the map Q. Explicit 
Galois examples of the quasi-homogeneous case (a) with 0 < a < f3 are the 
following: 

• The degree d foliation T given by the vector field 

x d+1 d x + (; y d + x d y)d y 

belongs to the Galois family of Proposition 17.31 and that it is quasi- 
homogeneous with weights a = d — 1 and /3 = d, bjr = 2{d)\ and gj- = 0. 
Moreover, it can be checked that the foliation T is convex, i.e. 1^ = 0, 
and = = {[0,0,1], [0,1,0]}. 

• The degree 3 foliation T considered in Example 17.41 is quasi-homogeneous 
with weights a = 2 and /3 = 3, bj- = 3(3)i and gj- = 1. 

• The degree 3 foliation T considered in Example [7T2] is quasi-homogeneous 
with weights a = 1 and (3 = 2, b^- = 3(3) i and gy = 1. 
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